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PHYS 542 Handout 16

Diffraction Theory

Diffraction theory complements scattering theory. In the Born approximation, the as-

sumption is that the material obstruction weakly influences the incident wave. For diffrac-

tion, on the other hand, we will consider materials like conductors that are practically

opaque, and so require different techniques to solve.

Scalar Diffraction Theory

Before considering diffraction of vector fields, the basic methods of handling diffraction

can be illustrated using scalar fields. Say we have a field u(r, t) which is time harmonic and

satisfies the standard wave equation:

[∇2 + (ω2/c2)]u(r, t) = 0

or, for the sake of simplicity:

[∇2 + k2]u(r) = 0

Say this wave encounters a planar obstruction at z = 0, which has some aperture that allows

the wave through. We are seeking a solution to the above expression which can be written

in terms of the field passing through the aperture. This is a boundary-value problem and

so can best be solved using a Green’s function that satisfies the following expression:

[∇2
1 + k2]G(r1, r2) = −δ(r1 − r2)

In this case, we can use Green’s identity to say:∫ [
u(r1)∇2

1G(r1, r2)−G(r1, r2)∇2
1u(r1)

]
d3r1 =

∫
[u(r1)∇1G(r1, r2)−G(r1, r2)∇1u(r1)]·dS

The terms on the left side can be evaluated to get:∫ [
−u(r1)δ(r1 − r2)− u(r1)G(r1, r2)k2 +G(r1, r2)k2u(r1)

]
d3r1 =

∫
[u(r1)∇1G(r1, r2)−G(r1, r2)∇1u(r1)]·dS

u(r2) = −
∫

[u(r1)∇1G(r1, r2)−G(r1, r2)∇1u(r1)] · dS

Next, we need to choose G so that G = 0 everywhere on the surface to make the final

expression simpler.

A simple function that satisfies the requisite differential equation in free space is:

G0(r1, r2) =
1

4π|r1 − r2|
eik|r1−r2|

This function does go to zero as r1 approaches infinity, so that part of the boundary

condition is fine. However, it does not go to z = 0 so we need to tweak the function to

satisfy the condition.



– 2 –

Consider the mirror function:

Gm(r1, r2) =
1

4π|r1 − rm|
eik|r1−rm|

where rm is a mirror position. If r2 = x2x̂ + y2ŷ + z2ẑ then rm = x2x̂ + y2ŷ − z2ẑ.

This combination G0 − Gm also satisfies the requisite differential equation in the relevant

volume, and has the advantage that it does go to zero at z = 0. So we can say:

u(r2) =

∫
z=0

u(r1)
∂

∂z1
(G0 −Gm)dx1dy1

Note the negative sign disappeared because the normal points in the −z-direction.

Now note that since G0 is a function of |r1 − r2| and Gm is a function |r1 − rm|, this

means ∂G0/∂z1 = −∂G0/∂z2 and ∂Gm/∂z1 = ∂Gm/∂z2, and on the z1 = 0 surface r2 = rm
so ∂Gm/∂z1 = ∂G0/∂z2, which means:

u(r2) = −2

∫
u(r1)

∂G0

∂z2
dx1dy1

and so we can evaluate the derivative:

∂G0

∂z2
=

z2
4π|r1 − r2|

(
1

|r1 − r2|2
eik|r1−r2| +

ik

|r1 − r2|
eik|r1−r2|

)
This expression can be greatly simplified at large distances where r2 >> r1 for all

relevant r1. This corresponds to the Fraunhofer diffraction limit. In this case, the second

term dominates, and making the usual approximation that |r1 − r2| = r2 − r̂2 · r1 we can

say

∂G0

∂z2
=
ikz2
4πr22

ei(kr2−k·r1)

and so we get:

u(r2) = − ik
2π

eikr2

r2

z2
r2

∫
u(r1)e−ik·r1dx1dy1

Note the nice spherical wave dependence on r2, the factor of z2/r2 = ẑ · r2 is often

ignored....

So we can use this expression to get that the pattern of the radiation from a circular

hole of radius R. Say we have u = u0 in the hole and is zero elsewhere. In this case

we want to integrate in polar coordinates ρ1 and φ1. In these coordinates the k · r1 =

k sin θ2ρ1 cos(φ1 − φ2)
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u(r2) = − ik
2π

eikr2

r2

z2
r2
u0

∫
e−i sin θ2kρ1 cos(φ1−φ2)ρ1dρ1dφ1

Doing the φ integral gives (see 21.102-103):

u(r2) = − ik
2π

eikr2

r2

z2
r2
u02π

∫
J0(kρ1 sin θ2)ρ1dρ1

and now changing the coordinates:

u(r2) = − ik
2π

eikr2

r2

z2
r2
u02π

1

(k sin θ2)2

∫
J0(kρ1 sin θ2)(kρ1 sin θ2)d(kρ1 sin θ2)

which gives:

u(r2) = − ik
2π

eikr2

r2

z2
r2
u02π

1

(k sin θ2)2
kR sin θ2J1(kR sin θ2)

which can be re-written as:

u(r2) = −iu0
eikr2

kr2

z2
r2

J1(kR sin θ2)

kR sin θ2
(kR)2

Note that this has the same angular form as the scattered radiation from a sphere in

the Born approximation.

Vector Diffraction

The calculations for diffraction of a vector field is a bit more complicated because we

must ensure that Maxwell’s equations (like∇·E = 0) are satisfied everywhere. The resulting

expression can be derived using Fourier Transforms (see book 21.8.2), but in the end you

get something called Symthe’s fornula.

E(r2) = ∇2 × 2

∫
[ẑ×E(r1)]G0(r1, r2)dx1dy1

or, equivalently (since G0 is the only thing that depends on r2:

E(r2) = −2

∫
[(ẑ×E(r1))×∇2G0(r1, r2)] dx1dy1

and, exploiting the triple identity:

E(r2) = −2

∫
E(r1)[ẑ · ∇2G0(r1, r2)]dx1dy1 + 2ẑ

∫
E(r1) · ∇2G0(r1, r2)dx1dy1

The first form manifestly satisfies ∇ · E = 0, and the second is similar to the scalar

diffraction expression, except for some cross products. The third expression shows that

the field has one term just like the scalar form, plus a correction that just affects the

z-component of the field. Similar expressions can be obtained for B

In general, it can be difficult to guess what the state of the field will be at the aperture.

For large apertures, one can use Kirchoff’s approximation, which says that the fields have

the following properties:
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Inside the aperture, we have:

ẑ×B = ẑ×Binc

ẑ×E = ẑ×Einc

And on the screen, we have:

ẑ×E = ẑ×B = 0

Strictly speaking, Maxwell’s equations only gaurantee that ẑ×E = 0 on a conducting

screen and that ẑ×B = ẑ×Binc in the aperture (where there is no current). However, for

large apertures and decent conductors, all these calculations are good enough approxima-

tions to get decent results.

In general the green’s function has form:

G0(r1, r2) =
1

4π|r1 − r2|
eik|r1−r2|

so

∇2G0(r1, r2) =
ik|r1 − r2| − 1

4π|r1 − r2|3
eik|r1−r2|(r1 − r2)

However, in the Fraunhofer approximation where r2 >> r1, we can approximate the

gradient of the Green function as:

∇2G0 = ikr̂2
eikr2

4πr2
eikr̂2·r1

this is much simpler to use.

Inserting this into Smythe’s formula we obtain the following expression for the electric

field:

E(r2) = − ik
2π

eikr2

r2

∫
eikr̂2·r1 [(ẑ×E(r1))× r̂2] dx1dy1

or, equivalently:

E(r2) = +
ik

2π

eikr2

r2
r̂2 ×

∫
eikr̂2·r1(ẑ×E(r1))dx1dy1

Consider the case where Einc = E0e
ikzŷ then everywhere on the z = 0 has the field

E = E0ŷ and so we get

E(r2) = +
ik

2π

eikr2

r2
E0r̂2 × (ẑ× ŷ)

∫
eikr̂2·r1dx1dy1

The integral if therefore identical to that for scalar diffraction. Thus we can evaluate that

as before. For example, if we have a circular aperture this becomes:

E(r2) = i
eikr2

kr2
E0
J1(kR sin θ2)

kR sin θ2
(kR)2r̂2 × (ẑ× ŷ)

The major difference is the triple cross product. This does actually have important

implications from the distribution of scattered radiation. For example, along the z-axis,

this just gives y the same polarization as the incident field.
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More generally, we can re-write the triple cross product as:

E(r2) = +
eikr2

kr2
E0
J1(kR sin θ2)

kR sin θ2
(kR)2[(r̂2 · ŷ)ẑ− (r̂2 · ẑ)ŷ]

which means that the intensity of the diffracted radiation is

|E|2 = +
E2

0

(kr)2
J2
1 (kR sin θ2)

(kR sin θ2)2
(kR)4[(r̂2 · ŷ)2 + (r̂2 · ẑ)2]

If we go along the x-axis, then (r̂2 · ŷ) = 0 and (r̂2 · ẑ) = cos θ2 so:

E2(y2 = 0) = +
E2

0

(kr)2
J2
1 (kR sin θ2)

(kR sin θ2)2
(kR)4 cos2 θ2

by contrast, if we go along the y-axis, then (r̂2 · ŷ) = sin θ2 and (r̂2 · ẑ) = cos θ2 so:

E2(x2 = 0) = +
E2

0

(kr)2
J2
1 (kR sin θ2)

(kR sin θ2)2
(kR)4

Thus the radiation is more broadly scattered in the y direction than it is in the x direction.

This is because the boundary conditions are different when the electric field is perpendicular

to or parallel with the aperture boundary.

Babinet’s Principle

Babinet’s Principle is a relationship between the signal diffracted by an aperture and the

signal from a plate with the same shape as the aperture. For a scalar field the relationship

between the two fields is such that the field from the aperture and the plate should add to

unimpeded incident field. However, for a vector electromagnetic field the relationship is a

bit more complex.

For both situations, the fundamental boundary conditions (not making Kirchoff’s ap-

proximation) is that ẑ×E = 0 for any part of the z = 0 plane that is occupied by the

conductor and ẑ×B = ẑ×Binc in any part of the z = 0 free of conducting material.

Thus for the case with an aperture, we have:

ẑ×E = 0 outside of the aperture

ẑ×B = ẑ×Binc inside the aperture.

and for the case with the plate, we have:

ẑ×B = ẑ×Binc outside of the plate

ẑ×E = 0 on the aperture

We can make the second case similar to the first by re-writing the total fields as the

sum of the incident and scattered fields, in which case, we find

ẑ×Bscat = 0 outside of the plate

ẑ×Escat = ẑ×−Einc on the aperture
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This means the equations for the plate is about the same as the those for the aperture if

we swap cBinc for −Einc. between the systems, which amounts to rotating the polarization

by 90 degrees. Similarly, the scattered fields from the plate Escat and cBscat are the same

as the total fields cB and −E from the aperture.

Extinction Paradox

Recall for a circular hole of radius R illuminated by a radiation polarized along the

y-axis the electric field is:

E = iEinc(kR)2
eikr

kr

J1(kR sin θ)

kR sin θ
[r̂× x̂]

and so the magnetic field is:

cB = k̂×E = iEinc(kR)2
eikr

kr

J1(kR sin θ)

kR sin θ
[r̂× [r̂× x̂]]

Hence the electric field of a ciruclar disk illuminated by radiation polarized along the

x-axis is:

E = −iEinc(kR)2
eikr

kr

J1(kR sin θ)

kR sin θ
[r̂× [r̂× x̂]]

Hence is the exact forward direction, where r̂ = ẑ and sin θ = 0, we get:

E = iEinc(kR)2
eikr

kr

1

2
x̂

E = iEinc
eikr

r

kR2

2
x̂

Hence the imaginary part of the forward-scattering amplitude is kR2/2 and so by the

optical theorem, the total cross section of the disk is 2πR2, which is twice its geometric

cross section.

This is an example of the extinction paradox, where objects scatter twice as much light

as one might expect.
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To better understand what is going on here, we can compute the cross section for

diffracted radiation, which is

dσ

dΩ
=
r2|E|2

E2
inc

= k2R4J
2
1 (kR sin θ)

(kR sin θ)2
(1− (r̂ · x̂)2)

dσ

dΩ
= R2J

2
1 (kR sin θ)

sin2 θ
(1− sin2 θ cos2 φ2)

and so the total cross section of this radiation is:

dσ

dΩ
= R2

∫
J2
1 (kR sin θ)

sin2 θ
(1− sin2 θ cos2 φ2)dφd cos θ

Doing the φ integral gives:

dσ

dΩ
= πR2

∫
J2
1 (kR sin θ)

2− sin2 θ

sin2 θ
d cos θ

In the limit where kR >> 1, the remaining integral is about unity, so this forward-scattered

radiation has a total cross section is πR2. This is equal to the back-scattered radiation

reflected off the material. This radiation is spread over an angular width of order 0.61λ/R,

and so for large objects can be difficult to distinguish from the incident radiation.

Note that in general, if the obstruction has a total cross section of QπR2, then the

optical theorem says that the forward-scattered cross section is (Q/2)2πR2.


