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SPRINGER FIBERS AND THE DELTA CONJECTURE AT t=0

SEAN T. GRIFFIN, JAKE LEVINSON, AND ALEXANDER WOO

ABSTRACT. We introduce a family of varieties Y;, x s, which we call the A-Springer varieties, that
generalize the type A Springer fibers. We give an explicit presentation of the cohomology ring
H*(Yn,»,s) and show that there is a symmetric group action on this ring generalizing the Springer
action on the cohomology of a Springer fiber. In particular, the top cohomology groups are induced
Specht modules. The A = (1*) case of this construction gives a compact geometric realization for
the expression in the Delta Conjecture at ¢ = 0. Finally, we generalize results of De Concini and
Procesi on the scheme of diagonal nilpotent matrices by constructing an ind-variety Y, » whose
cohomology ring is isomorphic to the coordinate ring of the scheme-theoretic intersection of an
Eisenbud—Saltman rank variety and diagonal matrices.

1. INTRODUCTION

In this article, we introduce a family of varieties generalizing the Springer fibers, which we call
the A-Springer varieties. We establish an explicit presentation of the cohomology ring of a A-
Springer variety generalizing the one given by Tanisaki for the case of a Springer fiber, showing that
this cohomology ring is the ring R, ) s introduced by the first author [15]. As a special case, our
construction gives a new compact geometric realization of the expression in the Delta Conjecture at
t = 0. We also prove a version of the Springer correspondence for this family of varieties, showing
that the top cohomology group has the S,-module structure of an induced Specht module. Finally,
we generalize work of De Concini and Procesi [9] by introducing an ind-variety whose cohomology
ring coincides with the coordinate ring of the scheme-theoretic intersection of an Eisenbud—Saltman
rank variety with diagonal matrices. This is the full version of the extended abstract [16].

1.1. Background and context. In the seminal work [40] 41], Springer introduced a family of vari-
eties associated to any complete flag variety G/B, now called Springer fibers, that have remarkable
connections to the representation theory of Weyl groups. Springer constructed a nontrivial action
of the Weyl group on the cohomology ring of a Springer fiber that does not come from any action
on the Springer fiber itself. In particular, in type A, where the Weyl group is the symmetric group
Shn, Springer proved the Springer correspondence, which states that the highest degree nonzero
cohomology group of a Springer fiber is an irreducible representation of S,, and every finite di-
mensional irreducible representation appears this way. Since Springer’s original work, several other
geometric constructions of Springer’s representation (up to tensoring with the sign representation)
have been discovered [7), 27, [38].

The graded S,,-module type of the entire cohomology ring of a Springer fiber was computed by
Hotta and Springer [22]. Under the Frobenius characteristic map Frob that associates a symmetric
function to each S,-module, the cohomology ring of a Springer fiber is sent to the modified
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Hall-Littlewood symmetric function
Frob(H*(B*;Q); q) = Hx(x; ¢%), (1.1)

where the g on the left-hand side keeps track of the grading of the cohomology ring.

De Concini and Procesi [9] and Tanisaki [42] found an explicit presentation for the graded ring
H*(B*;Q) as a quotient Ry of the polynomial ring Q[z1,...,2,]. The S,-module structure on
H*(B*;Q) is compatible with this presentation in the sense that S, acts on the ring Ry by per-
muting the variables z1,...,x,, and the isomorphism between the two rings is S,, equivariant. A
detailed analysis of the connection between this presentation R, and modified Hall-Littlewood
symmetric functions was given by Garsia and Procesi [I3]. Springer fibers and their combinatorial
and representation-theoretic properties served as motivation for Haiman’s work connecting Mac-
donald polynomials, a generalization of Hall-Littlewood symmetric functions, with the geometry
of Hilbert schemes [20] 21].

On another related line of research, the Delta Conjecture of Haglund, Remmel, and Wilson [18]
predicts two combinatorial formulas for a particular symmetric function Agkilen (g,t) with ¢ and
t parameters coming from the theory of Macdonald polynomials. The “rise formula” half of the
conjecture has been recently proven independently by D’Adderio and Mellit [§] and by Blasiak,
Haiman, Morse, Pun, and Seelinger [I], and the two works prove different generalizations of the
rise formula.

Since Ag, | en is also conjectured to be Schur-positive, there is much interest in a natural algebraic

or geometric construction of a (bigraded) S,-module whose Frobenius characteristic is A, e

ep—1 "1
Zabrocki has conjectured an algebraic formulation in the general case [44].

In the ¢ = 0 case of the conjecture, Haglund, Rhoades, and Shimozono [19] found and proved
an algebraic realization by constructing a graded ring R,, ; with a suitable Sj,-action whose graded
Frobenius characteristic is A’ek_ en(q,0) (after tensoring by the sign representation and reversing
the grading). A parallel geometric interpretation was given by Pawlowski and Rhoades [31], who
discovered a complex algebraic variety whose cohomology ring is R, .. We note that the Hilbert—
Poincaré series of R, i, which is determined by A, e,(q,0), is not palindromic in q. Therefore, any
such variety must be either non-compact or singular by Poincaré duality. Pawlowski and Rhoades
defined the non-compact smooth space of spanning line arrangements, n-tuples of lines in C*
that span CF,

Xpp={(L1,...,Ly,) € P*"Y"| Ly +--- + L, =CF}. (1.2)
They proved that there is an isomorphism of graded rings and graded S,,-modules
H* (X, 1) = Ry ki, (1.3)

thus giving a connection between the expression in the Delta Conjecture at ¢ = 0 and geometry.

1.2. Results of this paper. In this article, we introduce a compact and singular variety Yo %)k
whose cohomology ring is the Haglund—Rhoades—Shimozono ring Ry, ;. Thus, the variety Y, x)
gives a new geometric realization of A}  e,(q,0). Furthermore, we situate Y., (%), as part of a
broader family of subvarieties Y}, s of the partial flag variety Fljn)(C*), where K = n+4(s—1)(n—
IA]). When n = |\|, the A-Springer variety Y}, » s is the Springer fiber B* for all s > £()\). Hence
we call the varieties Y, ) s the A-Springer varieties. We then use techniques from the study of
Springer fibers to study Y, ) ;. In particular, we show that Y,, ) s is simultaneously a subvariety of
a certain Steinberg variety and the projected image of a certain Spaltenstein variety. We use these
facts to compute H* (Y, »s). Our work situates the study of R, ; and A/, e, in the context of

€k—1
the theory of Springer fibers and geometric representation theory.
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As our main result, we give and prove an explicit presentation of the ring H* (Y}, » 5) as a quotient
of a polynomial ring, generalizing Tanisaki’s presentation for the cohomology ring of a Springer
fiber [42]. This presentation coincides with that of the graded ring R, ) s recently introduced by
the first author [15].

Theorem 1.1. We have H*(Y,, xs) = Ry s as graded rings.

As a consequence, we see that the cohomology ring of Y, s has a graded S,-module structure
inherited from the action on R, ) s via permuting the variables x;. This S,-module structure on
H*(Y,,xs) generalizes the action in the Springer fiber case, and it is compatible with an action on
the cohomology of H*(F1(1)(C¥)) in the following sense. Let k = ||, and let a be the composition
a = (1",(s — 1)(n — k)), where 1" signifies that « begins with a string of n many parts of size
1. Denote by Sq = S1 X -+ X 51 X S(5_1)(n—r) the corresponding Young subgroup of Sx. We
have that S, embeds into Sk as the subgroup of permutations that fix n +1,n 4+ 2,..., K. Then
H *(Fl(ln)((CK )) has an Sp,-module structure, and we have a commutative diagram of graded rings
and graded S, modules,

Z[wl,...,xK] Sa > §
< (e1,...,eK) > » H (Fl(l")((CK))

l l (1.4)

Rn,)\,s = — H*(Yn,)\,s);

where the vertical maps are surjections, and the horizontal maps are isomorphisms. The superscript
S, in the diagram denotes the subring of (cosets of) polynomials invariant under the action of \S,.

One of the known constructions of the Springer action, due to Borho and Macpherson, uses an
action defined on perverse sheaves [3]. This construction was adapted to Spaltenstein varieties by
Brundan and Ostrik [5], and we believe it should be possible to give a direct construction of the
Sy, action on H*(Y,, » s) along the same lines.

In order to prove Theorem we construct an affine paving of the space Y,, 5 ;. As a corollary
of the paving, we show that Y, y ; is equidimensional, and we compute its dimension. Furthermore,
we give a characterization of the irreducible components of Y, y s (Theorem [6.5)).

Theorem 1.2. The variety Y, » s is equidimensional of complex dimension

d:}i: (g) + (s —1)(n—k). (1.5)

We use the graded Frobenius characteristic formulas in [15] for R, ) s to prove a generalization
of the Springer correspondence to the setting of induced Specht modules.

Theorem 1.3. Let d be as in (L.5)), and consider Sy as the subgroup of Sy, fixing k+1,...,n. For
s > L(N), we have an isomorphism of Sy,-modules

H* (Y, 5.5;Q) = Ind 13" (7). (1.6)
For s =U(X), letting A = (n —k+ Ai,...,n—k+ Xs), we have
H(Y, 0,55 Q) 2§40, (L.7)

the Specht module of skew shape A/(n — k)*~L.

Finally, we generalize results of De Concini and Procesi [9]. Let gl,, be the Lie algebra of n x n
matrices over Q. Given A - n, define Oy C gl,, to be the set of n X n nilpotent matrices over
@ with Jordan type A, and let Oy be its closure in gl,. Let t C gl,, be the Cartan subalgebra of
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diagonal matrices. Since the only nilpotent diagonal matrix is the zero matrix, the scheme-theoretic
intersection Oy Nt is a scheme supported at a single point. Denoting the coordinate ring of this

scheme by Q[O N t|, De Concini and Procesi proved that
H*(B*;Q) = Q[Oy N{. (1.8)

We prove the following generalization of De Concini and Procesi’s result. Given a partition A of
size at most n, let O,, » be the Eisenbud-Saltman rank variety (defined in Section .

Theorem 1.4. Define the ind-variety Y, ) = USZK(/\) Y, s There is an isomorphism of graded
rings and graded S,-modules

H* (Yo Q) = Q[On,x N (1.9)
1.3. Structure of the paper. In Section[2] we outline preliminary definitions and previous results.
In Section (3| we define the A-Springer variety Y, ) s and prove that it has an affine paving. We
prove that the cells of this paving have an inductive structure that allows us to compute the rank
generating function of the cohomology ring. In Section [4] we analyze the case A = () and prove
that the variety Y, g ; is an iterated projective bundle whose cohomology ring is the same as the
cohomology ring of a product of projective spaces. In Section we show that Y, » , is the image of
a projection down from a Spaltenstein variety, and we use this to prove Theorem In Section [6]
we prove Theorem by characterizing the irreducible components of Y}, 5 ;, and we prove our
generalization of the Springer correspondence, Theorem In Section (7], we introduce Y, y and
prove Theorem Finally, in Section [§] we list some open problems.

2. BACKGROUND

2.1. Flag varieties and Schubert cells. Given a complex vector space V = C¥, a partial flag
is a nested sequence of vector subspaces of V',

Ve=(WViCcVaC--- CVp). (2.1)

Given a composition a = (a1, ..., apy) with a; > 0 for all i and a3 + - - - + ayy, < dim(V'), define the
partial flag variety to be the set of partial flags of V such that the dimensions of the successive
quotients V;/V;_; are recorded by the parts of «, so

Flo(V) ={Vo=WV C--- C V)| Vi CV,dim(V;/Vi_1) = o; for i < m}. (2.2)

In the case when K = n and o = (1"), we recover the complete flag variety, denoted by
Fl(n) = Fl;1n)(C"). The (partial) flag variety is realized as a projective algebraic variety as G/ Py,
where G = GLg(C) and P, is a parabolic subgroup determined by «.

From here on, we focus on the case where a = (1") for some n < K. Let fi, fa,..., fx be the

standard ordered basis of CX. Given an injective map w : [n] — [K], let the coordinate flag )
be defined by setting F,S“’) = span{ fu(1); - - > fuw(p)} for all p, 1 < p < n. Note that G = GLk(C)
acts on Fl,(CK) via its action on CX and so does its subgroup B C G of upper-triangular matrices.

Now define the Schubert cell C,, to be the B orbit of F.(w) and the Schubert variety X,, = C,
to be its closure. The Schubert cells form an affine paving (in fact a cell decomposition as a
CW-complex) of the partial flag variety.

There are several other descriptions of the Schubert cells and Schubert varieties that will be
helpful. Given any V, € C,, for each p, 1 < p < K, there exists a unique vector v, € V, \ V1
such that

w(p)—1
Up = fw(p) + Z ah,pfh7 (23)

h=1
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where ap, = 0if h € {w(1),...,w(p — 1)}. Note V,, = span{vy,...,vp}. The oy, that are not
required to be 0 can be taken as algebraically independent coordinates on C,,, considered as a
locally closed subvariety of Fl(ln)((CK ).

Schubert cells and Schubert varieties can also be described in terms of intersection conditions
with respect to the base flag F, = F.(L), where ¢ : [K] — [K] is the identity map. To be precise,
F, = span{fi,..., fp} for all p, 1 < p < n. Given an injective map w : [n] — [K], we have the
Schubert cell

Cuy = {Ve € Flipny(CX) | dim(Vi N Fy) = #{j < |w(j) < p}} (24)
and the Schubert variety
X = {Va € Flgny(CF) | dim(V; N F) > #{j < i|w(j) < p}}- (2.5)

Since the Schubert cells Cy, form an affine paving, the Schubert classes {[X,]|w : [n] —
[K] injective} form a basis of the cohomology ring H*(F11n)(C*)). (See Lemma [2.1])

2.2. Chern classes. Given a complex vector bundle E on a paracompact Hausdorff space X, the
i-th Chern class of E is a distinguished cohomology class ¢;(E) € H?(X), with co(E) = 1 by
definition. The Chern classes are invariants of the vector bundle, in the sense that if two vector
bundles on X are isomorphic, then their Chern classes agree.
The sum of the Chern classes of a vector bundle ¢(E) := 1+ ¢;(E) + ca(E) + - -+ is called the
total Chern class of E. It has the following useful properties.
e Naturality: For any continuous map f : X — Y and any complex vector bundle F on Y,
we have f*(c(E)) = c¢(f*(F)), where the first f* is the map on cohomology and f*(F) is
the pullback of E.
e Additivity: Given a short exact sequence of vector bundles 0 -+ F' — F — E” — 0 on X,
we have

o(B) = c(E')e(E"), (2.6)

where multiplication is via the cup product on cohomology.
e Vanishing: If r is the rank of F as a complex vector bundle, then ¢;(E) = 0 for all i > r.
e Triviality: If E = C" x X, a trivial vector bundle, then ¢(E) = 1.

In the case where X = Fl(n), for each j, there is the tautological vector bundle 17] whose fiber
over Vo = (V4,...,V,) is the vector space Vj. Borel [2] proved that the classes —ci(V;/Vj-1)
generate the cohomology ring H*(Fl(n)) as a graded algebra. Moreover, there is an isomorphism
of graded algebras
Zlzq, ... xy)

(e1(x1, ..y Tpn),y - yen(T1, ... xn))

H*(Fl(n)) =

(2.7)

identifying —01(17j / ‘7]-_1) with z;, where each variable z; is considered to have degree 2. The
quotient ring on the right-hand side of (2.7)) is also known as the coinvariant ring.

2.3. Affine paving. Given a complex algebraic variety X, an affine paving of X is a sequence
of closed subvarieties

XoCXp1C--CXp =X (2.8)

of X such that X;\ X;_; & |_|j A; ;j for some locally closed subspaces A; j, where for all 7, j, A; ; = Ck
for some k. The affine spaces A; ; are called the cells of the affine paving.

When X is compact, an affine paving gives us a convenient basis of the cohomology groups of X.
The following two lemmata are standard (see for example [22]), whereas the third is less standard
but will be very useful for us.
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Lemma 2.1. Suppose X is a compact complex algebraic variety that has an affine paving. If
Xi\ Xio1 = |_|” A; j 1is the decomposition of X into affine spaces, then we have the following
isomorphisms of groups

sz(X) ~ o (X)) = 7#4(.9) | dimC(Ai,j):k}’ (2.10)
H* (X)) =0, (2.11)

for all k > 0, where [T”] is the fundamental homology class of the cell closure. If “compact”
is replaced by “smooth”, then the vanishing (2.11) holds for compactly-supported cohomology, so
H21(X) =0 for all k > 0.

Under certain conditions, affine pavings can also be used to prove that the map on cohomology
induced by a continuous map is injective or surjective.

Lemma 2.2. Suppose X is a smooth compact complex algebraic variety and Y C X is a closed
subvariety of X. If Y and X \'Y have affine pavings, then the map on cohomology

H*(X) — H*(Y) (2.12)
induced by the inclusion Y C X is surjective.
Proof. By Lemma all odd cohomology groups of X and Y and all odd cohomology groups

with compact support of X \ Y are zero. By the long exact sequence for compactly supported
cohomology associated to the diagram Y — X <= X \ Y, we have short exact sequences

0— H*(X\Y)— H*(X) - H*(Y) =0 (2.13)

for all 7. The surjectivity of the map on cohomology then follows from ([2.13]). O

Lemma 2.3 (Relative Affine Paving Lemma). Let f : X — Y be a surjective continuous map

between compact compler algebraic varieties. Suppose that Y has an affine paving such that for
each cell A;j of Y, we have an isomorphism

FHA) = Aij % Zi (2.14)

for some nonempty compact complex algebraic variety Z; ; with an affine paving. Furthermore, sup-
pose that the isomorphisms (2.14]) make the following diagram commute, where m is the projection
onto the first factor.

S (Aiy) Aij X Zij
fl / (2.15)
™1
Aij

Then the map on cohomology H*(Y') — H*(X) is injective.

Proof. Since Y has an affine paving and f~1(A; ;) & A; j X Z; j, it can be seen that X has an affine
paving with cells A; ; x C, where C runs over all cells of Z; ;. Therefore, H,(X) is freely generated
by the fundamental classes of the cell closures, [A4;; x C].

Since Z; j is compact, there is a cell of Z; ; consisting of a single point, ¢; ; = {pt}, giving a cell

Xij =2 A j x¢; of X. Note that X; ; may extend outside f_l(Am) and so may not be isomorphic

to A; j. However, since f(C) = f(C) for all subspaces C C X and continuous functions f, we have

[(Xij) = f(Xij) =m(Aij x cij) = Aij. (2.16)
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Letting fi : Hi(X) — H.(Y') be the map on homology induced by f, we thus have

Fl[Xig) = [Aigl, (2.17)
so fy is surjective. By the Universal Coefficient Theorem, the map f* is the dual of f,, so f* is
injective. (Il

2.4. Springer fibers. Given a partition A of n, let N be a n x n nilpotent matrix whose Jordan
block sizes are recorded by A. We say that N, has Jordan type \. The Springer fiber associated
to A s

B* = {V, € Fl(n) | N\V; C V;_; for all i < n}. (2.18)

Springer constructed an action of S, on H*(B*) that does not come from an action on B*. We note
that in this article, the action on the cohomology ring we consider differs from the one originally
constructed by Springer by tensoring with the sign representation.

A remarkable property of this action is that it gives a geometric construction of all the finite
dimensional irreducible representations of S,,. Indeed, the dimension of B* as a complex variety is

n(A) =Y (;;) (2.19)

i
and the top nonzero cohomology group of B as an S,-module is
H>N (B Q) = 57, (2.20)

where S? is the irreducible representation of S,, usually associated to A. Therefore, in Lie type A
there is a bijection, known as the Springer correspondence, between Springer fibers and the
irreducible S,,-modules up to isomorphism.

Hotta and Springer [22] proved that the map on cohomology induced by the inclusion B* C Fl(n),

H*(Fl(n)) — H*(B"), (2.21)

is surjective and S,-equivariant. Hence, by surjectivity the cohomology ring H*(B") is generated
by the cohomology classes —cl(f/i / ‘N/i_l). Here, we are abusing notation and writing Vi for the
restriction of this vector bundle to B*.

There is an explicit presentation of H*(B%) as a quotient ring extending Borel’s theorem [9] 42].
Let X' denote the conjugate partition to A, and let A, be the parts of X', where A, := 0 for i > ;.

Given S C {z1,...,x,}, define e4(S) to be the sum of all square-free products of variables in S of
degree d. Define the following ideal and quotient ring
I)\ = <ed(S) | S C {:Ul) v 7xn}7 d> |S| - )\{rz - )‘;7,—‘,5"+1>7 (222)
R)\ = Z[:z:l,...,acn]/f)\. (2.23)

Here and throughout the paper, we consider R\ to be a graded ring where each variable x; has
degree 2. It follows from work of Tanisaki [42] that there is an isomorphism of graded rings and
graded Sy,-modules

H*(B") = Ry, (2.24)
given by identifying the cohomology class —cl(f/j / ‘7j_1) with the variable ;.

For example, when A = (2,1), the ideal I is generated by eq(S) where 3 > d > 0 and |S| = 3,
or2>d>1and|S|=2,s0

I(271) = <:L’1 + 29 + X3, 122 + T1X3 + T2X3, T1T2X3, T1T2, T1X3, $2£C3>, (2.25)

and H*(B21)) =~ Ry = Zlz1, 22, 23] [ 1 (2,1).-



2.5. Symmetric functions. The representation theory of the group S, is closely related to the
theory of symmetric functions. A symmetric function is a formal power series in the infinite
variable set x = {x1,x2,...} that is invariant under any permutation of the variables. Given A
an integer partition of n, which we write as A F n, we denote by ¢(A) be the number of (nonzero)
parts of A. For each A F n, let e)(x) and s)(x) denote the elementary symmetric function and
Schur symmetric function indexed by A. As A ranges over all partitions of all n, these form
bases of the ring of symmetric functions.

The Frobenius characteristic map, which we define next, gives a connection between symmetric
functions and representations of S,. Given A - n, let S* be the irreducible S,,-module indexed by
A, also known as a Specht module. Suppose a finite-dimensional S,, representation V' (over Q)
decomposes as a direct sum of Specht modules

V= s (2.26)
AFn

for some nonnegative integers c). The Frobenius characteristic of V' is then defined as the
symmetric function

Frob(V) = Z easa(x). (2.27)
AFn
Given a graded S,-module V' = €, V; with finite-dimensional direct summands V;, the graded
Frobenius characteristic of V is
Frob(V3q) = Y _Frob(V;)q'. (2.28)
i>0

We refer the reader to [36] for more details.

2.6. The rings R, ) and R, ) ,. We recall the definitions and properties of the rings R, y and
R, »,s introduced by the first author in [15]. These rings simultaneously generalize the cohomology
ring of a Springer fiber H*(B") and the Haglund-Rhoades-Shimozono ring

Z[xlv ) :En]

Ry = . (2.29)
" (b, . 2k enen 1, en_ki1)

Definition 2.4. Fix nonnegative integers k < n, a partition A - k, and a positive integer s > £(\).
The ideals I, » and I, ) s are defined by

Toa = (ea(S) |8 C {1, an}, d > S| = Ay = = N g0, (2:30)
Inas=1Iny+ (z7,...,2,). (2.31)
The rings R, » and R, ) ;s are the corresponding quotients
Ry =Zx1,...,z0)/Iyx, (2.32)
Ryas =21, ..., x0]/In s (2.33)

The rings R, » and R, ) are evidently graded by degree and carry an action of S,, by per-
muting the variables. In [I5], it is shown that R,, ) in general has infinitely many nonzero graded
components, whereas R, ) s always has finite rank.

The following two specializations of R, ) s will be particularly important to us.

e When n = k, R, ), specializes to the cohomology ring of a Springer fiber. Precisely,
Inas = I for any s > £()\); thus R, ) s = R) in this case.

e When A = (1%) and s = k&, Ry, ) s specializes to the Haglund-Rhoades—Shimozono ring.
Indeed, we have I, (1xy . = Ing; thus R, (qx)p = By k-



Example 2.5. Let n = 4, A = (2,1), and s = 2. Then the ideal I, () is generated by the
polynomials e4(S) for S C {x1,...,z4} such that

d=2and |S| =4, d=3and |S| =4,
d=4and |S| =4, d=3and |S|=3.
We have
Iy (21) = (@122 + 2103 + 124 + ToT3 + T2Ty + T3Ty,
T1T2X3 + T1T2T4 + T1T3T4 + T2X3T4,
T\ TYT3TS, T1ToT3, T1ToTy, T1T3T, ToT3L4),
and Iy (21)2 = l421) + (2%, 23,23, 27). Finally, we have Ry (21) = Z[r1,72,73,74]/14 2,1y and
Ry 21)2 = Z[x1, 2,73, 24] /14, (21) 2-

Let Ig)\ be the ideal in Q[z1,...,xy] given by the same generators as I, » 5, and let RY =

n,\,s
Qlz1,. .-, ) / nas Lhere is a convenient basis of RQ s generalizing the Artin basis of the

coinvariant ring, defined next. Set Apgs = {1}. Let the set Az, s be defined recursively for n > 1
by

S

o)
An s = |_| zh AL e s U |_| A1 s, (2.34)
=1 i=6(\)+1

where for 1 <4 < ¢(\), A? is the partition obtained by sorting the parts of
(AL i1 A = L A1, -5 Ay

and deleting a trailing zero if necessary. It is shown in [I5, Theorem 3.18] that A, ) s is a Q-basis
of RY

n,A\,S"

In fact, it is straightforward to show that A, » s is actually a Z-basis of Ry, » s.
Lemma 2.6. The ring Ry, ) s 1s a free Z-module, and the set Ay, » s i5 a Z-basis of Ry xs-

Proof. The proof of Lemma 3.14 in [15] also proves that A,, ) s is a Z-spanning set of R, 5 ;. Since
Apas is a Q-linearly independent subset of Rg \» 1t is also a Z-linearly independent subset of
R, »s, and R, » s is free as a Z-module. ]

Given V = @, Vi a graded free Z-module with graded pieces V; of finite rank rk(V;), let the
Hilbert—Poincaré series of the module V be

Hilb(V3q) = Y rk(V;)q'. (2.35)
i>0
Under our convention that x; has degree 2 for all ¢, we have the following recursive formula for the
Hilbert series, which follows immediately by Lemma [2.6]

Lemma 2.7. We have

£(X) s
Hilb(R, 0 s50) = Y ¢*VHID(R, 4,000+ >, ¢ VHib(Ry_1a5 ). (2.36)
i—1 i=0(\)+1

Since the set of generators of the homogeneous ideal I, 5 s is closed under the action of S,
permuting the variables, R,, ) ; inherits the structure of a graded S,-module. In order to prove our
generalization of the Springer correspondence, we make use of a formula for the graded Frobenius
characteristic of RY n.\,s Proven in [15]. We state the formula and define the associated combinatorial

objects in Section @ where we need it.
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3. AN AFFINE PAVING OF THE A-SPRINGER VARIETY

In this section, we define a family of varieties Y,, ) ; that generalize the Springer fibers, which we
call A-Springer varieties. We construct an affine paving of Y;, y s by intersecting it with Schubert
cells. We show that this affine paving has an inductive structure that allows us to show H* (Y}, x s)
and R, ) s have the same Hilbert—Poincaré series.

Our approach most closely resembles that of Tymoczko [43] for type A regular Hessenberg va-
rieties, which was extended to arbitrary type by Precup [32]. Our work is also inspired by Spal-
tenstein [39, Chapitre II, Proposition 5.9], who gave an affine paving for the case of Springer fibers.
Similar constructions of affine pavings have also been given by Shimomura [37] and Fresse [I1].

Let 0 < k < n be integers, let A\ - k, and let s be a positive integer such that ¢(\) < s. Define
A= An,A\s) = (n—k+A,...,n—k+ )\s) a partition (where \; = 0 for all i > £())) of
K =|A| = s(n — k) + k. We define the A-Springer variety, which is our main object of study.

Definition 3.1. Let N be a nilpotent matrix of Jordan type A. Define the A-Springer variety
Yoas = {Va € Fln)(CH) | NAV; C Vg for i <n, and Ny~ *CK C V,,}, (3.1)
where Vy = 0.

Remark 3.2. Since N, is nilpotent, it can be checked that the set of partial flags Vs € Fl(ln)((CK)
satisfying the conditions NpV; C V;_q for ¢ < n is the same as the set of flags satisfying the
conditions NpV; C V; for i < n. Therefore, the variety Y,, ) s can alternatively be defined as the
reduced scheme of points satisfying

Yyrs = {Ve € Fln)(C*) | NAV; CV; for i < n, and Ny ~"CK C V,,}. (3.2)

Remark 3.3 (Base case n = 0). For clarity in induction proofs below, we describe the case n = 0.
In this case, we must have k = 0, A = (), and s > 0 arbitrary. Therefore, the ideal Iy, has no
generators, so Iy s = (0), and since n = 0, the ring Ry ¢ , is the quotient of the Z-algebra with no
generators, namely Ry s = Z/(0) = Z. For the A-Springer variety, we have that F1(0) is a single
point, which represents the trivial flag, and the A-Springer variety is also a single point. Thus,
H*(Yops) = Z = Rog,s

Lemma 3.4. The structure of Y, » s as an algebraic variety is independent of the choice of Ny .
Proof. Let Ny and N} be two nilpotent matrices of Jordan type A, and let Y, ) 5 and Yé \s D€
the corresponding A-Springer varieties. Since Ny and N) have the same Jordan type, there exists

g € GLk(C) such that N} = gNxg~!. It follows that g¥, \ s = Y?’;,,A,S under the action of GLg(C)
on Fl(ln)(CK). In particular, Y, \s 2 Y, 4 .. O

We denote by [A] the Young diagram of A, following the English convention, considered as the
set

where (i, 7) is the cell in the i-th row from the top and the j-th column from the left. The cells in
column n — k 4+ 1 and to the right form a copy of the Young diagram of A, which we denote by [A].
We say that a cell (i, 7) of [A] is on the right edge if j = A;. See Figure [1|for an illustration of [A]
and [\], where the cells in the right edge of [A] are shaded.

It will be convenient to specify particular choices for Ny, which we do next. For any filling
T : [A] = Zso of [A] satisfying the following conditions,

(S1) T is a bijection between [A] and {1,2,..., K},

(S2) T restricts to a bijection between [A] and {1,2,...,k},

10



[A] = [A(n, A, s)] = s

n—k

FIGURE 1. The Young diagram [A], which has a copy of [A] in the upper right
corner, highlighted in bold. The cells in the right edge of [A] are shaded.

8[5]3]1] f8ﬁf5—>f3—>f1—>0
T=|T7]4]2 f?A—>f4—>f2—>0
9|6 fo = fo =0

FIGURE 2. A Schubert-compatible filling 7" of A(5,(2,1),3) and the action of Np
on the basis vectors.

we define a variety Y7, as follows. Let fi,..., fk € CX be the standard ordered basis, and let
F, =span{fi,..., fp} for all p with 1 <p < K. Define Nz to be the nilpotent endomorphism such
that for (7,7) € [A],

0 if (i,7) is on the right edge of [A],
(frag) = . (3.4)
fT(i,j+1) otherwise.
Note that Np has Jordan type A by construction. Define
Yr = Yo asr = {Va € Flgn)(CF) | NpV; C Vi for all 4, and Fj, C V,,}, (3.5)

which is a specific instance of the variety Y, » s.

In order to ensure that the intersection of Y7 with the Schubert decomposition of Fl(ln)(CK ) is
a paving by affines, we must first put further conditions on T'. We say that T is (n, A, s)-Schubert
compatible if (S1), (S2), and the following conditions hold:

(S3) T is decreasing along each row from left to right.

(S4) For all (i,j) € [A], the label T'(7, ) is greater than all labels in column j + 1.

(S5) The labels of T in the right edge of [A] form an increasing sequence when read from top to
bottom.

(S6) Whenever T'(a,b) > T(c,d) for b,d > 1, then T'(a,b—1) > T(c,d — 1).

If n, A, and s are obvious from context, we will simply say T is Schubert compatible.

Example 3.5. Let n = 5, A = (2,1), and s = 3. Let T be the Schubert-compatible filling of
A(5,(2,1),3) in Figure 2l Then Y5 (51) 37 is the variety of partial flags Vo = (V1, V2, V3, V4, Vs) €
Fl(l,l’l,m)(@g) such that the following conditions hold:

NpV; C Vi for i <5, (3.6)

Vs 2 F3 = span{ fi, fo, f3}. (3.7)
For example, the partial flag
span{ fi} C span{fi, fo} C span{fi, fo, fa} C span{fi, fo, fs, fa} C span{fi, f2, fs, fa, fr}.
is in Y5 (21)3-
Example 3.6. We construct a Schubert-compatible filling 7" for any shape A as follows. Let the

reading order of [A] be the ordering of the cells given by scanning down the columns of [A] from
11



right to left. For (i,7) € [A], if (4,7) is the p-th cell in the reading order, then let T'(,j) = p. We
refer to T as the filling of [A] according to reading order. It can be checked that T' is a Schubert-
compatible filling. See the left-most filling in Figure [3| for an example of such a filling with n = 7,
A=(2,2), and s = 4.

Lemma 3.7. Suppose T is a Schubert-compatible filling of [A]. If (i,7) is not on the right edge of
[A], then

Nr(Freg \ Freg-1) € Fragen) \ Frig+)—1- (3.8)

Proof. We have Nt fr(j) = fr(j+1) by definition. Let a and b be indices such that frp) €
Fr( ;), which means T'(a,b) < T'(4,5). If (a,b) is not on the right edge of [A], by (S6) we have
T(a,b+1) <T(i,j+1), and hence Nt frap) = friapss1) € Frij+1)- Otherwise, if (a,b) is on the
right edge, then Nt fp,p) = 0. In either case, we have NrFp(; ;) C Fr(; j11)-

If v € Frg ) \ Fre -1, then the expansion of v in the f basis has a nonzero fr; ;) coefficient.
Therefore, the expansion of Npv in the f basis has a nonzero fr(; ;1) coefficient, so Nrv ¢
Fr( jt1)-1- The lemma then follows. g

For 1 <1 < s, define a flattening function flg,é) and a filling 7 as follows. If i < £(\), then

flgf) is the unique order-preserving function with the following domain and codomain,
09 < [K)\ TG, A} — [K — 1], (3.9)
If i > ¢()\), then fléf) is the unique order preserving function
1y < KT\ (TG, M)} U{T( 1) |7 #6)) = [K — s, (3.10)

Now if i < (), let T® be the filling obtained by deleting the last cell in row i, applying flgf) to
the label in each cell, and reordering the rows so that the labels of the cells in the new right edge
are increasing from top to bottom. If i > ¢()), we form T' () in the same way except we also delete
the cell (i',1) and shift row ' to the left by one unit for every i’ # i before applying ﬂ%) to every
label and reordering the rows.

Example 3.8. In Figure 3| we have an example of a Schubert-compatible filling T" and the fillings
TW and T®). When constructing T®), the cells labeled by 7,13,14, and 16 are deleted, and rows

1,2 and 4 are shifted left by one unit. The cells are relabeled as follows: flg? ) (8) =1, flg? )(9) =38,
flg)(lo) =9, flg)(ll) = 10, flg)(12) =11, and flg)(lf)) = 12. Then rows 3 and 4 are swapped to
obtain 7). It can be checked that both 7™ and T®) are Schubert compatible.

Recall that, given a partition A, then A is defined to be the partition whose Young diagram is
obtained from [A] by removing one box from the i-th row and then reordering the rows in decreasing
order (by number of boxes) if necessary.

Lemma 3.9. The filling T is of partition shape. If i < £()\), then T is (n — 1, A9, s)-Schubert
compatible. If i > €(X\), then T® is (n — 1, \, s)-Schubert compatible.

Proof. If i < £()\), the condition (S4) forces T to have partition shape after sorting the rows by
the labels in the right edge, and T® is of shape A(n — 1, A s) since one box is removed from
the i-th row of A and the rows are reordered in decreasing order. If i > ¢(\), then T is of shape
A(n—1, ), s) since one box is removed from each row and, by (S2), any reordering only affects rows
below the £(\)-th row. It also follows by construction that (S1) and (S2) hold for 7).

The operations of deleting a cell, applying the flattening function to the labels, and possibly

shifting a row to the left all preserve (S3), so T has property (S3). Since (S4) only concerns
12



13191531 139531‘ 85|31
T — [14]1016]4 2 p1)_ |12]8]4]2 7B~ 19]6[4

15[11) 7 14110| 6 1117

16]12| 8 15[11) 7 12110

FIGURE 3. The Schubert-compatible filling 7" of [A] = [A(7,(2,2),4)] determined
by reading order and the fillings 7W) and 7, which are also Schubert compatible.

labels of [A], and either all cells of [\] remain in place (except the one that is removed) or all cells of
[\] are shifted left one column during the process of constructing T), we see T also satisfies (S4).
The property (S5) is automatically satisfied since we resort the rows by the label in the rightmost
cell. Finally, T® satisfies (S6) since deleting a cell, relabeling, swapping rows, and shifting a row
to the left all preserve the property (S6). Therefore, T() is Schubert compatible. O

Recall that the set of injective maps w : [n] — [K] indexes the Schubert cells of Fljn)(CF).

Definition 3.10. Given w : [n] — [K]| injective, we say that w is admissible with respect to T' if
both of the following hold.

(A1) The image of the map w contains [k].
(A2) For i < n, if w(i) = T(a,b) for (a,b) not on the right edge of [A], then T(a,b+ 1) €
{w(1),...,w(i —1)}.
Lemma 3.11. Assume T is a Schubert-compatible filling. Then Cy, NYp # 0 if and only if w is
admissible.

Proof. If w is admissible, then the partial permutation flag F.(w) is in Cy, NY7p, so Cy, N Y7 # 0.
Therefore, it suffices to prove that if C,, N Y7y # (), then w is admissible.
Given an injective map w : [n] — [K], recall that

Cw = {Ve € Fli1ny(C™) | dim(V; N F}) = #{p < i|w(p) < j}}. (3.11)

Given V, € Fl(ln)(CK), then Fj, C V,, if and only if dim(V,, N Fy) = k. Therefore, F}, C V,, for some
Ve € Cy, if and only if (A1) holds.

Suppose C,, N Y7 # 0, and let Vo € C,, NYp. Suppose there exists i < n such that w(i) = T'(a,b)
for some cell (a,b) not on the right edge of [A]. Then dim(V; N Fr(,p)) > dim(V; N Frgp)—1), so
Vi (Fr(an \Fr(ap-1) # 0. By Lemma[3.7 we have N7(Fr(a5\ Fran-1) € Frsr) \Frasri)-1-
Hence,

NeVi (Freap) \ Frpi1)-1) # 0, (3.12)
and since N7V; C V;_1, then

Vie1 0 (Fraprn) \ Frprny-1) # 0. (3.13)
Therefore, dim(V;—1NFp(qp41)) > dim(Vi-1NFp(qp41)—1), which implies by (3.11)) that T'(a, b+1) =
w(i’) for some ¢/ <i— 1. Hence, (A2) holds and w is admissible. O

We define a linear transformation related to Np that we use throughout the paper.
Definition 3.12. Define the nilpotent endomorphism N% of CX on the basis {fi,..., fx} by

f 7,j— 1f] > 17
N frej) = {OT( J=1) i1 (3.14)
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Our notation is motivated by the fact that N/ is the transpose of Ny with respect to the ordered
basis {f;}. The transformation N has the crucial property that

(3.15)

t fT 0sJ lf] > 17
NeNT I = {o " ifj = 1.

In particular, I — Ny N% vanishes on im(Ny). Similarly, I — NI Ny vanishes on im(N%), which is
complementary to ker(Np).
We now define a family of unipotent linear transformations on C¥.

Definition 3.13. Let i be an integer with 1 <7 <'s, and let v € span{fr@,a,)|h < i}. Define
the linear map U = U, , : CK — CX by setting

Ufrw .z = fra g for all (¢', j) where ' # i, (3.16)
Ufriny = fran) + v, (3.17)
Ufrgy ) = Nr}UfT(i,jH) recursively for all j < A;. (3.18)

Note that (3.17) and (3.18) together are equivalent to U fr¢; ;) = fra ;) + (NL)Ai—d,
Example 3.14. Let n = 6, A = (2,2), and s = 4. Now let T" be the filling

NHE
T= [ol6la]2
1] 7
12] 8

If i =2 and v = af1, then U = Uj;,, is given by the matrix (in terms of the basis f1,..., fi2):

1 a 00 0 OO OO0 0 0 0]
01 000O0O0OOOOT® 0O
001 aOO0O0OO0OOOO0O0
00010O0O0OO0OO0OO0OGO0OGO0
00001 a 0O0O0O0O0O
0 000O0O1O0O0O0O0OTO0DTO O
U= 0 000O0O0O1TO0O0O0OTG 0O (3.19)
0 000O0O0OO0OT1O0O0TGO0TO O
0000O0O0O0OO0OT1wa 0O
0 000O0O0OO0OO0OOT1TO0TGO0
0 000O0O0OO0OO0OO0OO0OT1FQ 0
0 0000 O0O0O0O0O0 0 1

Example 3.15. Let n = 5, A = (2,1), s = 3, and let T be as shown in Figure 4| If i = 4 and
v = fs+2f3+ fi, then U = U, , takes f; — f; for all j # 10,11, and

U(fi0) = fio +v = fio+ fs +2f3 + f1, (3.20)
U(fin) = fu + Np(v) = fu1 + fo + 2f6 + fo. (3.21)

We may visualize the basis vectors that appear in U(f19) and U(f11) with the middle and right
diagrams in Figure 4] where the indices of the basis vectors that appear in U(fio) are highlighted
on the left, the basis vectors of U(f11) are highlighted on the right, and the indices of the leading
terms f1o and f11 are circled. Note that in general the extra summand in the definition of U(fr(p,q))

in the p =i case is “v shifted left by A’ — ¢ cells” and that this definition depends on 7.
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FIGURE 4. The Schubert-compatible filling 7" used in Example on the left, and
illustrations of the basis vectors that appear in U(f19) and U(f11) in the middle and
right, respectively.

Lemma 3.16. Let U = U, be the linear map defined in Definition[3.13. Then U is unipotent, is
upper triangular with respect to the ordered basis f1,. .., fx, and satisfies the equation NyU = U Nrp.

Proof. 1t suffices to check the following two properties for each p:

(1) Ufp is of the form Ufy = fp + >, anfn, and
(2) NrU fp = UNrfp.
First, in the case p = T(¢', j) for i’ # 4, as in (3.16]), properties (1) and (2) trivially hold. Second,
in the case p = T'(i,7;), as in (3.17), then (1) follows by our choice of v and condition (S5) of
Schubert compatibility. Furthermore, (2) holds because both sides are zero.
Finally, suppose p = T'(i,7) for j < A;, as in . Then (i,7) is not the rightmost cell in its
row, and we have by definition
Ufrag) = NoUfrggn)- (3.22)
By reverse induction on j, property (1) holds for p = T'(i,5 + 1). Property (1) for p = T'(i, j) then
follows by condition (S6) of Schubert compatibility and the fact that fr(; ;) = NL fr+1)-
It remains to show property (2) holds in this case. By the choice of v and reverse induction on
J, all the terms of the expansion of U fr(; j;1) in property (1) correspond to cells of T in column
7+ 1 and to the right. In particular,

Ufrgj+1) € im(Np). (3.23)
We compute
(UNt — N1U) fr(iz = UNTfri ) — Nr(U freg) (3.24)
=U(fr@,j+1)) — No(NpU frg j+1)) (by (3-18)) (3.25)
- (I - NTN:tF)UfT(i,jH)’ (326)
which is zero because I — Ny N4 vanishes on im(Nr). Thus, property (2) holds. O

We extend the definition of flgf) so that it is also a function on admissible injective maps. In
particular, let w be admissible with respect to T, and let w(1) = T'(i, A;). Define

19 (w) : [n — 1] = [K — 1] if i < £(N), (3.27)
119 (w) s [n— 1) = [K — 5] if i > 6(N) (3.28)

to be the injective maps where flg,f) (w)(j) = flgf) (w(j+1)) for 1 <j <n-—1. It is not hard to
check directly that if w is admissible with respect to 7', then flgf) (w) is admissible with respect to
T . This also follows from the next lemma.

Definition 3.17. Define linear maps
oW CEL 5 CF for i < 0N, (3.29)
oW . CE= 5 CK fori > 4(N), (3.30)
15



by setting ¢ ( fi) = f e, 1, and extending linearly.
(flT ) (J)
Lemma 3.18. We have an isomorphism
P Span{fT(h,Ah) |h <i} x (Cfl(Ti)(w) NYr6) = Cyw N Y, (3.31)
with the flag ®(v,Vs) defined by, for j =1,...,n,
®(v,Va)j = Uj o (span{ fu)} + 6 Vj_1). (3.32)

In particular, inverting ® gives an isomorphism

CpNYp = C 1 x (CH(TZ-) w) 1 Y70)- (3.33)
Proof. We first show that the image of ® is indeed contained in C,, N Y7. First, let V, € C'ﬂ(i)( ) N
T w
Y ). We examine ®(0,V,). Since U; o is the identity map, we have for each j
(0, Va); = span{ fun)} + o (Vj-1). (3.34)

Since flgf) is order preserving, dim(¢® (V;) N Fy,) = dim(V; N Foo for m in the domain of flgf),

Yoy
T (m)
so ®(0,V,) € Cy. Since w is admissible, Fy, C ®(0, Vs),. Next, we check that ®(0,V,) is preserved
by Nr. For j =1, we have Npf, 1) = 0. For j > 2, we use the fact that for any z in the domain

of ¢, Ny (z) = afuwa) + ¢(i)NT(i) (z) for some o € C. We calculate:

Nr(span{fy)} +0Vio1) = NpolVi (3.35)
C span{ fu()} + ¢ Ny Vi (3.36)
C span{ f,(1y} + ¢V a. (3.37)

Hence, ®(0,V,) € Cyy N Y7

Now let v € span{fr(sa,)|h < i} be arbitrary. Observe that ®(v,Vs) = U;,®(0,Vs), where
Ui, acts on the partial flag ®(0,V,) by acting on each subspace. Since U;, is upper triangular
by Lemma it preserves the Schubert cell Cy, so ®(v,Vs) € Cy, and (since w is admissible)
Fi, € ®(v, V§)p. Finally, since U;,, commutes with Np by Lemma Nrp preserves ®(v, Vs):

NTCI)<’U, V.)j = NTUi,U(I)(O, V.)j = Ui’UNT(I)(O, V.)j g Ui,U(I’(O, V.)j_l = ‘I’(’U, V.)j_l. (3.38)

Hence, ®(v,V,) € Cy N Y7
In order to show that ® is an isomorphism, we show that ® has an inverse. Define the linear
map (@) = (qﬁ(i))t, the transpose with respect to the ordered basis {f;}. Explicitly, P is the
linear map
@ K - K fori < 0N, (3.39)
P K k= fori> L)) (3.40)

defined by w(i)(fj) = fﬂ(z—)(j) if j is in the domain of flgé) and 0 otherwise.
T

Given V] € C, N Yy, note that dlm(Vll N Fw(l)) =1and dlm(Vll N F(w(l)—l)) =0, so
Vi = span{ fy,1) + v} = U wspan{ fu)} (3.41)

for some vector v = Z;;ll anfrn,a,), where aj, € C are some coefficients. Now note that f,,q) €
UZ.;}V;-’ for all j and, in the case i > ¢()), we have V] C span{ fr(m) | m > 1if h # i}. Hence,

U}V = span{f,)} + ¢ (0@ (V))), (3.42)
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and from this equality, a routine check shows that the inverse of ® is given by
®H(V)) = (v, @OUL (V5) € - ST (VD). (3.43)

Note that the entries of U;, are regular functions on Y7 N Cy, (see Section [2.1). Moreover, since
Ui, is unipotent and upper triangular, the same is true of Ui_vl. Thus ® and ®~! are algebraic
maps, so ® is an isomorphism of algebraic varieties. ]

Remark 3.19 (Combined isomorphism ®). For a fixed i, the map ® above works the same way
for all w such that w(1) = 4; specifically, the map U, ,, depends on v and i but not (the rest of) w.
As such, all of these ®’s can be combined into a larger isomorphism. We let

lew = {V. eYr: V1 C span{fT(hyAh) ’h < Z}} CYr. (344)
Then we obtain a combined isomorphism
® : span{ frga,) | b < i} x Ypo — YA\ Y5 (3.45)

By induction, Y7 \ Y:ﬁ_l is a union of cells, as in the definition of affine paving ([2.8). We give
the precise characterization of cells in this affine paving below in Theorem and Corollary
We do not use the notation Yr} elsewhere in the paper, though we use a restriction of the combined
map P in Section [6]

Example 3.20. Let n, A, s, and T be as in Example Let w =274813, which is admissible
with respect to 7. Then ¢ = w(1) = 2. A flag V4 € C, N Yy can be represented by a matrix

[fa ¢ d g 1 0]
1 0 0 0 00O
0 ab a de 0 1
0 b 1 0 00
0 0 0 ae 0 O
0 0 0 e 00O
0 1 0 0 0 of” (3.46)
0 0 01 00
0 00 0 00O
0 0 0 0 00O
0 00 0 00O

0 0 0 0 0 0]

where each Vj is the span of the first j columns, and a, b, ¢, d, e, and g are arbitrary elements of
C. Identifying span{f;} = C!, the map ®~! sends this matrix to the pair (afi, V{), where the flag
V. is represented by

cd g 10
0 0 de 0 1
b1 0 00
00 0 0O
00 e 00
10 0 00 (3.47)
00 1 00
00 0 0O
00 0 0O
00 0 0O
00 0 0O
L - _
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FiGURrE 5. With T in reading order as shown on the left, an example of the bijective
correspondence between admissible functions and injective partial row-decreasing
fillings on the right.

Theorem 3.21. If T is Schubert compatible, then the intersections Cy, N Yy x s for w admissible
are the cells of an affine paving of Y, x s.1-

Proof. Since the Schubert cells C,, are the cells of an affine paving of Fl(]_n)((CK ), it suffices to show

that each nonempty intersection C,, N Y}, \ 57 is isomorphic to an affine space C? for some d. By
Lemma Cw MYy 2 s1 is nonempty if and only if w is admissible. We proceed by induction on
n to show that each of these intersections is an affine space.

In the base case when n = 0, we have n = k = 0, A\ = A = () and s > 0 is arbitrary. Then
CK =% and Y,, » s 7 = Fly(0) = {pt}. Thus, the only nonempty intersection is a single point.

In the inductive case where n > 1, we have

CoNYpr= Ci1 x (C

ﬂg)(w) N YT(Z')) (3.48)

by Lemma [3.18 By induction, Cﬂg)(w) N Y@ = C™ for some m, so Cy, N Yy =2 CH™ 1 and our

induction is complete. U]

Definition 3.22. An injective partial row-decreasing filling of [A] is a filling of a subset of
the cells of [A] with the labels 1,2,...,n (without repeating any labels) such that the filled cells
are right justified in their row, the labeling decreases along each row, and each cell of [}] is filled.

Given w admissible with respect to 7', let IPRDy(w) be the injective partial row-decreasing
filling of [A] such that, for 1 < i < n, if w(i) = T'(a,b), then the cell (a,b) of [A] is labeled with
w(i).

Note that the data of an admissible w with respect to T' is equivalent to the data of the corre-
sponding IPRD. See Figure [5| for an example of this correspondence. Combining this with Theo-
rem we have the following corollary.

Corollary 3.23. The nonempty cells in the affine paving of Theorem |3.21| are in bijection with
injective partial row-decreasing fillings of [A].

Remark 3.24. Recall that in the case where A = (1’“) and s = k, the ring R, ) s specializes to the
Haglund-Rhoades—Shimozono ring, R, (1x) ) = Ry k. This ring has a Z-basis indexed by ordered
set partitions, which are partitions of the set [n] into a k-tuple of nonempty blocks (Bj, ..., By).
Part of the motivation that led us to define the variety Y, x s was the following bijection between
cells of Y;, () 1, and ordered set partitions. Fix a Schubert compatible T'. Map w to the ordered set
partition (B, ..., By) where block B; is defined to be the set of labels in the i-th row of IPRDp(w).
It can be checked that this map is indeed a bijection. Hence, the total rank of H *(Yn7(1k)7k) is equal
to the total rank of R, ;.
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For example, let n = 6 and k = 3, and let T be the Schubert-compatible filling of A(6, (1%), 3)
according to reading order, so

1017141
T= |11|18[5]2
12191613

Then the image of w = 253618 under this correspondence is

w=253618 < IPRDp(w)=| [6[2]1] < ({5},{1,2,6},{3,4}).

Recall our convention that R, ) s is generated in degree 2 by the z; variables. We have the
following identification of the Hilbert—Poincaré series of the cohomology ring of Y;, ) ¢ with that of
Rn,/\,s-

Theorem 3.25. The cohomology ring H* (Y, x s 1) is a graded free Z-module concentrated in even
degrees, and

Hilb(H* (Y 007): @) = HilD(Ro 0,55 0). (3.49)

Proof. By Theorem Y, s 7 has a paving by affines where each cell is a copy of complex
affine space. By Lemma all of the odd cohomology groups vanish, and H?™ (Yo as7) is a free
Z-module of rank equal to the number of cells of complex dimension m in the paving.

We now prove holds by induction on n. In the base case when n = 0, then A = ), k = 0, and
T is the empty filling. In this case, Yy g ;7 is a single point by Remark and Iy, = (0). Hence,
H*(Yyp s 1) and Ry s are both Z, the trivial Z-algebra, and thus have the same Hilbert-Poincaré
series.

Now suppose n > 1. By Lemma

£(X) s
Hilb(R, 0 s50) = Y ¢ VHID(R, 4 000+ >, ¢ VHib(Ry_ 125 0). (3.50)
i=1 i=(A)+1

We need to show that Hilb(H*(Y}, x s); ¢) satisfies the same recursion.
By Lemma whenever T is a (n, \, s)-Schubert compatible filling, the ¢*™ coefficient of
Hilb(H* (Y 25);q) = Hilb(H*(Y7);q) is the number of admissible w such that the cell Cy,, N Y7

has complex dimension m. Hence,

Hilb(H* (Yo 05)50) = »_ g m(Cwmr), (3.51)

where the sum is over all admissible w. .
Given a fixed ¢ with 1 < i < s, one can easily see that the map flg;) gives a bijection between
injective maps w with w(1) = T'(i,A;) that are admissible with respect to T and injective maps
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that are admissible with respect to 7). Hence, by Lemma we have
Hilb(H*(Yo00);q) = »_ ¢> @ (@) (3.52)
w

_ i: Z q2 dim(CwNYT) (3'53)

=1 ww(1)=T(3,A;)

2(2'7 1)+2 dim(Cﬂw () ﬂYT<i) )

:Z Z q r (3.54)

=1 ww(1)=T(3,A;)

= VHIb(H* (Yr)); q) (3.55)
i=1
=Y PUVHIb(H (Y, 000+ Y, ¢ VHIb(H* (Yoo10559))-
i=1 i=(\)+1 ( )
3.56
This is the desired recursion, so the proof is complete. ]

Remark 3.26. A detailed analysis of the recursion in Lemma [3.18] can be used to compute the
dimension of Cy N Y7 in terms of an inversion statistic depending on T on the partial filling
corresponding to w, when w is admissible. Since we do not need this fact, we omit the proof.
Below, we give a formula for the dimension of Y,, , s as a corollary of Theorem

Corollary 3.27. The dimension of Yy, x s is n(A) + (s — 1)(n — k).

Proof. The dimension of Y, ) s is equal to the dimension of a maximal dimensional cell in an affine
paving of Y, 5 5, which is half the degree of Hilb(H*(Y, »s);¢). By Theorem this is exactly
half the degree of Hilb(R,, 5 s; ¢), which is known to be n(\) + (s — 1)(n — k); see [14, 34]. (Recall
again our convention that R, ) s is generated in degree 2). ([l

4. THE ITERATED PROJECTIVE BUNDLE Y, j

In this section, we analyze the variety Y;, s in the case when X is the empty partition (). We
prove that this space is an iterated projective bundle in Lemma We then prove that Y, g
has the same cohomology ring as (P*~1)" in Lemma Furthermore, we show that there is a
closed embedding of Y, ) s in Y}, g s that induces a surjective map on cohomology, giving some of
our desired relations for H*(Y}, x s)-

For all i < n, let V; be the tautological rank i vector bundle on Fl(1ny(C™®) for i < n. We abuse

notation and also denote by V; the restriction of V; to the subvariety Y, g .

Lemma 4.1. Let T be a (n, (), s)-Schubert-compatible filling such that the labels in the first column
are n(s — 1) +1,...,ns in some order, and let T' be the result of deleting the first column of T.
Then the map

Yoosr = Yo10s1 (4.1)
given by forgetting the last subspace in the partial flag is a P*~'-bundle map.
Proof. Given any Vs €Y,y 5 1, then N;i_k_lvn_l = 0, so by our assumption on 7" we have
Vi1 Cker(NEF1) = Flooyy. (4.2)

Furthermore, by our assumption on 7', the nilpotent transformation N7 is the restriction of Np to
Frs—1) € C". Therefore, (V1,...,Vu-1) € Y,_1 9577, so the map (4.1) is well defined.
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Given a subspace V' C C", let N;l(V) be the preimage of V under the map Np : C" — C™*. Ob-
serve that given (V1,...,V,_1) € Y,,_1 ¢ 577, an extension of this partial flag to (Vi,...,V,_1,W) €
Fl(ln)(CK) isin Y, g ; if and only if W C N;l(Vn,l). We claim that for any subspace V' C F,(,_1)
of dimension n — 1,

dime (N2 (V) =s+n— 1. (4.3)
Indeed, define a linear map
= Nrl|y_10yy N;H V) =V, (4.4)
which is the restriction of Np. It is clear that this map is surjective, so follows by rank-nullity
and the fact that dim(ker(Ny)) = s.
Let ]VT_\ET/H_I be the rank s+n—1 vector bundle on Y,,_; g ; 7 whose fiber over V; is Nj?l(Vn_l),

and let V,,_; be the rank n — 1 tautological vector bundle on Y;,_; g ;7. We have an isomorphism

Yn,@,S,T = IP)(‘ijlVn_1/‘7nfl) (4.5)
defined by sending Vj to the line V;,/V;,_1 over the point (Vi1,...,V,,—1) of Y, _1 ¢ ;7. Hence, Y, g s p
is a P*~!-bundle over Y,_10,s1 via the forgetting map (4.1). O

We note that the variety Y,y ; is a special case of a Steinberg variety, as defined in [3, 33]. Its
cohomology ring is known [3] to be isomorphic to the ring of (S1 X -+ -5 X Sy,(s_1))-invariants of
the cohomology ring of the Springer fiber H*(BY). It is not hard to prove the next lemma using
this fact, but we instead give a self-contained proof for the sake of completeness.

Lemma 4.2. There is an isomorphism
Zlxz1, ..., 2]

(x3,...,x5)

I

H*(Yn,&s) (4'6)

that identifies x; with —c1(Vi/Vi_1)

Proof. We may assume, without loss of generality, that the hypotheses in Lemma continue to
hold. We proceed by induction on n. In the case n = 1, the lemma holds since Y; g 7 = Ps—1,
Suppose by way of induction that

Z[xl e Jjn_l]
H* (Y, ) 4.7
( n 1,(2),5,T) <xi7”.7$2_1> ( )
Let us denote by FE the line bundle N=1V,,_/ V1. By (4.5), we have an isomorphism
Yn,@,s,T = ]P)(E)v (48)
so that Vj, / Vi = Og(1). Hence, by Grothendieck’s construction of Chern classes, we have
. ~ H*(Yn—1,0,5,17) [%n]
H (Yn,(Z),S,T) = . - = (4.9)

(x5 +c1(B)zy P+ - 4 co(B))

It suffices to prove ¢(FE) = 1. Indeed, observe that if Vo € Y,,_1 ¢ 7, then V,,_1 C F,(s_1) =
im(Nt). Let C™ and im(N7) be the corresponding trivial vector bundles on Y;,_4 g ¢ 7v. Consider
the following short exact sequence of vector bundles,

0— E— C"/V,_1 — im(Np)/Vn_1 — 0, (4.10)
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where the second map is the composition E < C"* — C"¢/ V,—1 and the third map is induced by
Nrp. Then we have the following identity of Chern classes,

C(Cns/ffn—l) ns /s
c(F) = — = c(C"/im(Nr)) =1, 4.11
(E) lim(Np) Vo) (C"/im(Nr)) (4.11)

since C™® /im(Nr) is a trivial bundle, which completes the proof. O

Example 4.3 (Hirzebruch surface). Consider Y5 ¢, 7 where T is the Schubert-compatible filling of
A(2,0,2) = (2,2) according to reading order, so ker(Np) = (f1, f2). We have

Yog2 ={Ve € Fl;11)(C") : V1 C ker(Ny), NrVy C Vi}. (4.12)

The same variety appears in work of Cautis and Kamnitzer [6] and of Russell [35] on connections
between Springer fibers and knot homology.
By Lemma forgetting V5 realizes Y5 as a P!-bundle over Y192 = P(ker N7) = P! isomor-

phic to P(E) = P(N;'V;/ V1), the projectivization of a 2-dimensional vector bundle. In fact,
Y02 = P(O(1) & O(-1)), (4.13)

the second Hirzebruch surface. In particular, Y5, is not isomorphic as an algebraic variety to

P! x P!, although P! x P! has an isomorphic cohomology ring.
To see (4.13)), observe that there is an isomorphism

E = N7'Vi/Vi — (ker(N7)/Vi) @ V4, (4.14)

induced by the linear map on vector spaces sending the coset v = v + Vi € N vy /Vi to the pair
(NyrNE %, Npv). We leave it to the reader to check that this map is a well-defined isomorphism of
complex vector bundles. The proof of is completed by observing that we have isomorphisms
ker(NT)//VI =~ O(1) and Vi = O(—1) of vector bundles over P! = P(ker Ny).

We will see in Remark that this Hirzebruch surface can also be identified as one of the
components of the Springer fiber for the partition (2, 2).

Next we show that there is an embedding Yy, x s — Y, ¢ ; for any partition A, and the induced
map on cohomology is a surjection.

Lemma 4.4. Let T be a (n, A, s)-Schubert-compatible filling of A(n,\,s), and let T" be a (n, 0, s)-
Schubert-compatible filling of A(n,0,s) = (n®) such that every entry of the i-th row of T is in the
i-th row of T'. The linear map ¢ : CX — C™ defined as the inclusion of the first K coordinates in
C"™ induces a commutative diagram

L
Yn,A,s,T —— Yn,@,s,T’

j j (4.15)

Fl(ln)((CK) —t Fl(ln)((C”S),
where each inclusion is a closed embedding.

Proof. Since the entries of T in row 7 are right justified in row ¢ of T” for all 4, we have toN7 = Nyvou.
Furthermore, the containment (Np/)™ C™ C ((V,,) is trivial since (N7+)" = 0. Hence, the injection
YosT N Y, 0,7 induced by ¢ is well defined. The commutativity of the diagram is immediate. []

Lemma 4.5. With the same hypotheses as Lemma the space Y, g s 70 \ t(Ynrs,1) has an affine
paving.
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Proof. By Theorem the intersections C,, N Y}, » 57 for w admissible with respect to T are the
cells of an affine paving of Y,, » s 7, and the intersections C;, NY,, ¢ ; 7 for v admissible with respect
to T" are the cells of an affine paving of ¥}, g ;7.

Given such a cell Cy, NY}, ) s 7, where w is admissible with respect to T', define w’ : [n] — [ns]
by extending the codomain of w to [ns]. Then w’ is admissible with respect to T”, and it can
be checked that +(Cy N Yy as7) = Cuwr N Y, g7 Therefore, Y, g 7 \ t(Yyxs7) has an affine
paving given by removing the cells Cyv NY,, g s/ coming from Y, s ;7. These are the w’ with

[k] C im(w") C [K]. O

Theorem 4.6. With the same hypotheses as Lemmal[{.J}, the closed embedding v induces a surjection
/| ST ) I N
At nl o (Y, i) B W) (4.16)
(xf,...,x5)

Proof. This follows immediately by Lemma [2.2] Theorem [3.21} and Lemma [4.5 g

We end this section by remarking on the structure of Y;, 4 ; as a real manifold. In particular,
Lemma can also be shown by topological means.

Proposition 4.7. There is a diffeomorphism Y, g o = (Ps=1)" as 2ns-dimensional real manifolds.
In particular, H*(Y,, 9 5) = H*((P*~1)™).

Proof. The argument is essentially identical to [0, Theorem 2.1] (which in our notation covers the
case s = 2). Since we do not need the precise statement, we omit the details. ]

We note however that despite Proposition (Ps~H™ and the iterated projective bundle Y05
are not in general isomorphic as varieties or complex manifolds.

Remark 4.8. As stated in the introduction, a special case of our results states that Y, )y
has the same cohomology ring as the Pawlowski-Rhoades spanning line arrangement space X, j.
The latter [31] is an open subvariety of (P*~1)", while the A-Springer variety Y., (1#),k 18 a closed
subvariety of Y, ¢ 1.

In fact, Xy and Y, (4x) are further related by the fact that they have affine pavings satisfying
the same recursion. In the case of spanning line arrangements, the recursion involves intermediary
spaces X, 1, for 0 < r < k, where the » = 0 case is the product of projective spaces and the
r =k case is X,, ;. In the case of A-Springer varieties, the corresponding intermediary spaces are
Y, (r),x by Lemma and the r = 0 case is Y}, g . Furthermore, combining Theoremand [31,
Theorem 8.4] gives isomorphisms

H* (Xpgor) = H* (Y (1) 4). (4.17)
5. SPALTENSTEIN VARIETIES AND THE COHOMOLOGY OF Y}, ) s

In this section, we prove that there is a cellular surjective map from a Spaltenstein variety to
Y, s We use this fact together with work of Brundan and Ostrik on the cohomology ring of a
Spaltenstein variety [5] to prove that the cohomology ring of Y}, 5 s is isomorphic to R, ) s, stated
as Theorem [5.111

Let us outline our strategy. First, by Theorem we know that H*(Y}, 5 s) is a quotient of the
ring

Z[xl, N ,:En]

(x5, 28)

Next, by Theorem the rings R, » s and H*(Y}, » s) are free Z-modules with the same Hilbert

series. Since the defining ideal of Ry, x5 is In s = Iy + (2f,...,2}), it thus suffices to prove

that for each generator eq(S) of I,, x where S C {x1,...,2,}, the same polynomial in the first
23
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Chern classes z; = —01(17; / 171-_1) vanishes in H*(Y,, ). To do this, we exhibit an injection from
H*(Y, ) into the cohomology of a Spaltenstein variety, and we prove that the e4(S) polynomials
in the first Chern classes vanish in the cohomology ring of the Spaltenstein variety using results of
Brundan and Ostrik [5].

Let us recall the definition of a Spaltenstein variety. Given an m x m nilpotent matrix N, of
Jordan type v = m and a composition p F m of length ¢, the Spaltenstein variety is

By = {Ve € Fluy sy, (C™) [NV C Vg for i < ¢}, (5.2)
Let Xj = {Tpytotpy 1415+ o Tpg oty - Given 1 <idg <o <, </, let
ed(X;il,...,ip) = ed(Xz-l U X, U'-'UXZ‘p). (53)
Furthermore, let I); be the following ideal of Z[z1, ..., Zp)],
I = (eq(Xsin, ..o yip) |1 <y < -o- <ip < Land d > puyy 4+ iy, = Vp_pry — - — V). (5.4)
Brundan and Ostrik [5] proved the following isomorphism of graded rings,
. I/ TP
H*(B},) = 7 , (5.5)
where z; on the right-hand side is identified with —cy(V;/Vi_1).
Let us take the special case where m = K, v = A, and p = (1",s — 1,s — 1,...,s — 1), where

s—1is repeated n — k many times, so that £ = 2n— k. Observe that A;L_k_H. = X, for ¢ > 0. Further
observe that for each j < n, then X; = {z;}. Setting S = {i1,...,4,} for 1 < iy <--- <i, < n,
then e4(S) € Il[} for
or equivalently

d>p—)\§1_p+1—-~—)\/n. (5.7)
The next lemma follows immediately from these observations.

Lemma 5.1. Recall the ideal I, x C Z[x1,...,x,| defined in Definition . With u as above, we
have the containment of sets I,  C I{}.

Remark 5.2. It will follow from Lemma, below that in fact we have the stronger containment
Inys €1 ;} This is not immediate from Brundan and Ostrik’s presentation of H *(Bﬁ) but could
likely be shown with an algebraic calculation using symmetric polynomial identities.

Observe that there is a map
T Bl/} = Yo as (5.8)

given by projecting onto the first n parts of the partial flag. Indeed, if V, € Bf}, then Va,,_j, = CK
by definition. Since NoV; C Vi_; for all 4, then im(N} %) = NV *Vy, 1 C Vi, so m(Va) € Yy
In order to show that the map 7 is a surjective cellular map, we need the following two lemmata,
the second of which is a strengthening of Lemma that only holds for a subclass of Schubert-
compatible fillings.

Lemma 5.3. Let T be a Schubert-compatible filling. If j > 1, then
N%(FT(i,j) \ Frij)-1) € Fra-1) \ Praj—1)-1- (5.9)
Sketch. The proof is an application of (S6), similar to the proof of Lemma O

Definition 5.4. Given a Schubert-compatible filling 7', we say that it is strongly Schubert
compatible if for all (i, ) € [A], the label T'(7, j) is greater than all labels in column j + 1.
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Note that this is a strengthening of property (S4) of Schubert compatibility.

Definition 5.5. Let T be a strongly Schubert-compatible filling, w admissible with respect to T,
and Vo € Y, » 57 N Cy. For each p < n, let v, be the vector in V,, \ V,—1 with leading term fw(p),

as in (2.3).

We define a linear map U = U(V,) : CX — CK by setting

Ufwp) = p forall 1 <p <mn, (5.10)
Ufraj) = friy) if IPRD7(w) is empty in row i, (5.11)
Ufraj = N:tprT(Z-’jH) recursively for all other cells (i, 7) of [A]. (5.12)

Note that (5.12]) does not cause U to be not well defined because the filled cells in IPRDy(w) are
right justified.

Given an injective map w : [n] — [K], recall that F.(w) is the partial flag Fl(w) C ... C Fﬁw)
where Fj(w) = span{ fu1), - - - fuw(j) }-
Lemma 5.6. The map U = U(V,) defined above is unipotent, is upper triangular, and satisfies
UFIEW) =V, foralll <p<mn, and (5.13)
(UN7p — NpU)z € V, for all z € CK. (5.14)

Proof. Identity is immediate from and our choice of v,. We check the remaining
conditions as in the proof of Lemma examining each value U f,, separately. The reasoning for
unipotency and upper triangularity is identical and omitted, and we focus on identity .

It suffices to verify for x = fp(; ;). We consider the three cases in the definition of U. In

the first case z = f,,(p), by (5.10) we have
(UNT - NTU)fw(p) = UNwa(p) - NTUp. (5.15)

The first term, UN7 fy, (), is either 0 or v, for some 1 < g < p, since the filled cells of IPRDr(w)
form a rightwards-closed subset of [A]. The second term is Nyv, € V,,_1. Therefore, holds
for this case. It also trivially holds in the second case .

Finally, if i and j are such that IPRD7(w) is nonempty in row 4, then U fr(; ;) is defined by (-12).
A similar argument as in the proof of Lemma [3.16] gives

(UNp — NoU) fri.) = (I = NeNp)U fr j1)- (5.16)

Here again we have U fr(; j11) € im(N7), so this is zero, not just an element of V;,. This is because
T is strongly Schubert compatible, so upper-triangularity implies that all terms of U fr(; ;1) are
in column j 4 1 or further to the right (compare to Equation (3.23)).

Lemma 5.7. Fiz a strongly Schubert-compatible filling T and an injective map w : [n] — [K] that
18 admissible with respect to T'. Then we have an isomorphism

S (Cow N Yasr) = (Co N Yoursm) X Bl jja s, (5.17)

where (s —1)"F = (s—1,...,5—1) with n—k parts and A is the partition obtained by first deleting
cells labeled w(l),...,w(n) from T, then recording the row sizes of the remaining cells in weakly
decreasing order.

Furthermore, on 7= 1(Cy N Yo xs1), we have the equality of maps m = m o X, where

T (Cw N Yn,/\,s,T) X Bés—l)”—k — Cyp N Yn,)\,s,T (5.18)

is the projection onto the first factor.
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Proof. Since NTFy(Lw) - Fy(ff)l - FT(Lw), Nrp induces a well-defined nilpotent endomorphism on the

quotient space CK / Fr(lw). Denote this induced endomorphism by N.. Note that N/ has Jordan type

A
(s—1

Wy C-- le/gnfk) € Fl(s_l)n—k((CK/Fy(lw)) satisfying the condition N7.W; C W;_; for j <n — k.
We now define

A. We take as our specific instance of the Spaltenstein variety B yn—k the space of partial flags

S (CowNY7) = (Cow N Y1) X B jyne (5.19)

Let Vo= (W C--- CV, CVyy1 € -- C Vo) € m HCywnYr). By Lemma there is a
unipotent upper triangular matrix U = U(w(Vs)), whose entries are regular functions on Cy, N Y7,
such that

UFZSUJ) =V, forall 1 <p<mn, and (5.20)
(UNp — NpU)z € V, for all z € CK. (5.21)

Define 3(V4) by
N(Ve) = (Vi C--- C Vo), (W1 C - C W), (5.22)

where W, = U *IVnﬂ- /F,gw) for all j. Since U is unipotent, the entries of U~! are also given by
regular functions, so ¥ is regular.

We need to show that W, = (Wy C --- C W,_;) € BA Since we have dim(V,4;) =

s—1)n—k"
n+(s—1)jand U1V, ; DUV, = F™ . it follows that iiim)(Wj) = (s —1)j and so
We € Fl(y_yyn-r(CK/F™)). (5.23)
It remains to show N’TWj C Wj_q forall 1 <j <n—k. We first decompose N7 as the sum
Nr =U'NyU + U Y (UNy — NpU). (5.24)
By the definition of Bf}, N1 (Votj) € Viyj—1, so
U 'NpUU Wi j) CUINZU U Wiy j1). (5.25)

On the other hand, by (5.21)) the second term has image contained in U~'V,, C U=V, ;1.
Combining, we see Np(U *1Vn+j) cU *1Vn+j,1. This descends to the desired containment N{ij -

Wj-1.
To show X is an isomorphism, we similarly define
I (Coy NY7) X By = 7 H(Cow N Y1) (5.26)
by
LV W) = (WS SV CUW+ E™) C oo CUWS + EM)), (5.27)

where U is obtained from V; according to Lemma A similar calculation to the one above
verifies that the image of II is contained in 7=1(C,, N Y7). Furthermore, II is regular since the map
by which we obtain U from V] is regular. It can be checked that IT and ¥ are mutual inverses, so
> is an isomorphism.

The last statement of the lemma follows trivially from the definition of X. O

Lemma 5.8. The map 7 is surjective.

Proof. Let T, w, and A be as in Lemma By (5.17)), it suffices to show that Bgfl)n—k # 0.
Indeed, Spaltenstein [39] proved that for any partitions v, p of the same size, B}, is nonempty if and
only if 4 < v/, where < is the dominance order on partitions defined by declaring that p < v/ if

p1 4o+ <vy+ -+ v for all 4. It is a standard result that conjugation of partitions reverses
26



dominance order, so p < v/ if and only if i/ > v. In the present setting, we have y = (sf— 1)"* and
v =A. Since A; <n — k for all i, we immediately have p/ = (n — k)*~! > A. Thus, Bé—l)n*k # 0,
and 7 is surjective.

Example 5.9. Let n, A, s, and T' be as in Example and w = 274813. Note that T' is strongly
Schubert-compatible. In this case, A = (2,2,1,1) and (s — 1) % = (3,3). We can take as a basis
of CK/FT(Lw) the vectors fL, fé, f&, fio, fi1, f12, where f/ denotes the coset f; + F"). Then Bé\sf

1)n—Fk
is the Grassmannian of 3-planes in the kernel of N/., which is spanned by ff, f¢, f11, f1a- )
Let our vectors vy, ..., vs, with v, € V},\ V,,_1, be given by the columns of the matrix
fa ¢ d g 1 0]
1 0 0 0 0O
0 ab a de 0 1
0 b 1 0 00
0 0 0 ae 0 O
0 0 0 e 00
0100 0o (5.28)
0 0 0 1 00
0 0 0 0 00O
0 0 0 0 00O
0 0 0 0 00O
0 0 0 0 0 0]
as in (3.46).
Then the matrix U is given by
M1 a 0 d 0 0 ¢ g 00 0 07
01 00O0O0OO OOO0OTO0O O
001 a 0Oda de 00 ¢ g
0o0o01o00°%Db 0 O0O0O0O0
00001 a 0 a 0 d ab de
000O0O0OT1O0 e 00 b 0
U_OOOOO()lOOOOO (5.29)
000O0O0OO0OT O 1T 0O0UO00O0
000O0O0OO0OO0O O 1 a 0 ae
000O0O0OO0OO O O0OT1T 0 e
000O0O0OO0OTOD O0OOO0ODT1T O
0O 00000 0 0 0O0 0 1]

Consider V; € C,, N Y7, where V/ is the span of the first ¢ columns of ((5.28)), and W] € Bg’g;l’l),

which is determined entirely by W7, a 3-dimensional subspace of fZ, fé, f11, f15- Then the partial
flag TI(V,, W) has V/, ..., V{ as its first n parts and UW7] as its (n + 1)-th part.
As a specific example, if W{ = span{fi, fi + 2f11, fi2}, then IL(V], W)7 would be

Vs + span{f5, (2c + d) f3 + (2ab + a) f + (2b+ 1) fg + f11, 93 + defs + aefy + efig + fia}. (5.30)
Lemma 5.10. The map on cohomology induced by =,
T H (Yo s) — H*(BY), (5.31)
18 injective.
Proof. 1t suffices to show that 7 satisfies all of the hypotheses of the Relative Affine Paving Lemma

(Lemma [2.3). Indeed, 7 is a continuous map between compact complex algebraic varieties. By
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Theorem for any Schubert compatible T', Y}, \ s 7 is paved by the affines spaces Cy, NY,, s 7
for w admissible. By Lemmas and 7 is a surjective map such that ﬂfl(Cw NYpasT) =

(CoNYprsT) X Bé—nn—k' We apply the Relative Affine Paving Lemma taking the A; ; to be the

cells Cyy, MY, s, and the Z; ; to be the Spaltenstein varieties Bg each of which has a paving

_1)1’1,7](37
by affine spaces [5]. We showed in Lemma that under the isomorphism above, 7 corresponds
to the projection onto the first factor, so our proof is complete. O

Recall that R, ) s is a graded ring, where we consider x; to be in degree 2. The following is our
main theorem, which realizes R, ) s as the cohomology ring of the variety Y, » ;.

Theorem 5.11 (Theorem . We have an isomorphism of graded rings
Roas = H* (Yo s) (5.32)
given by sending x; to —cl(‘N/i/f/i_l).
Proof. By Theorem we have a surjection
Lz, ..., xn)
(x5, ...,x8)

given by sending z; to —01(12 / 171-_1). By Lemma the cohomology class represented by e4(S) in
H*(Bl/}) for S C {z1,...,x,} is zero if d > |S| — p|"5|()\). By Lemma [5.10[ and naturality of Chern
classes, then the cohomology class represented by eq(S) in H*(Y, ) is zero as well. Hence, the

map ([5.33) descends to a map

— H*(Yyrs) (5.33)

Ruys = H* (Yo rs)- (5.34)
Since both of these rings are free Z-modules and have the same Hilbert series by Theorem [3.25
then ([5.34) is an isomorphism, and the proof is complete. ]

By Theorem we may transfer the action of S, on R,, ) s given by permuting the x; variables
to an action of S, on H*(Y), \s) by permuting the first Chern classes —¢1(Vi/Vi_1), making the
isomorphism in Theorem [5.11] an isomorphism of graded S,-modules. It is well known that in
the case n = k, this action on the cohomology ring of a Springer fiber coincides with Springer’s
representation tensored with the sign representation.

It is also well known that

H* (Flgm)(CF)) = (H* (FI(CK)))”

11X XS1XS (k) (s—1) (5 35)
Therefore, there is an action of S, on H *<F1(1n)(CK )) given by permuting the corresponding first

Chern classes on Fl;n) (CK). By naturality of Chern classes, the S,-module structure on H*(Y}, » s)
is the unique one that makes the surjective map on cohomology

H*(Fl1n)(CF)) = H* (Y 26) (5.36)
into an Sp-equivariant map. Furthermore, the diagram (|1.4)) of graded S,,-modules commutes.

Remark 5.12. In the special case where s = 2, we have u = (1, 1"7%) = (1277%), 5o the Spal-
tenstein variety B, that is the source of our map = is the Springer fiber for the partition A.
Furthermore, when w is an injective map corresponding to a cell of maximal dimension in Yr, the
fibers of the map 7 over C,, NY), ) s 7 as stated in Lemma, are points, since A = (n — k) and the
Springer fiber for a one row partition is a point. Hence, the map 7 will be a birational map from
certain components of the Springer fiber B to Y, s, 75 With other components being contracted in
some way. Note A has two rows, and 2 row Springer fibers have been extensively studied and their
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components have explicit descriptions as iterated projective space bundles [12]. Other papers on 2
row Springer fibers include [35] 23].

In the special case where s = 2 and A = () (of which Example is the n = 2 case), Y,, g o has
one irreducible component, with the unique cell of maximal dimension given by the injective map
w that takes the labels of the bottom row in order. In this case, the endomorphism Nr|y, of V; has
Jordan type (i), so m induces a birational map from the component of the Springer fiber indexed
by the Standard Young Tableau with 1,...,n in the first row and n + 1,...,2n in the second to

Ynﬂ’z.
6. IRREDUCIBLE COMPONENTS AND A GENERALIZATION OF THE SPRINGER CORRESPONDENCE

In this section, we characterize the irreducible components of Y;, 5 s and show that the number
of irreducible components is equal to (}) - #SYT(X) when s > £(\). We then prove that this
fact extends to a representation-theoretic statement by giving a generalization of the Springer
correspondence to the setting of induced Specht modules.

6.1. Irreducible components of the A-Springer variety. Fix k <n, A+ k, and s > ¢()), and
set A = A(n, \, s). Given a subspace W C CK such that N\W C W, then NA(W N F},) C W N .
The nilpotent operator N thus induces a nilpotent operator

NA[W] :Fk/(WﬂFk)—)Fk/(WﬂFk). (61)

Let P(n,A) be the set of fillings of [A\] with distinct entries from [n] that decrease left to right
along each row and down each column. Note that when s > £()\),

P(n,\)| = (Z) - #SYT(N). (6.2)

This can be seen explicitly by reversing the labels (via i — n — i+ 1) to get a row and column
increasing tableau on [A] with labels from a k-element subset of [n].

Given S € P(n, \), let S be the restriction of S to the cells that contain a label from the set
{n—i+1,...,n—1,n}. Furthermore, let sh(S[i]) be the partition obtained by recording the row
sizes of Sl in order from largest to smallest.

For S € P(n,\), define the following locally closed subvariety of Y}, » s,

Y2\ s = {Ve € Yuror | Na[Vi] has Jordan type sh(S1) for all i}. (6.3)

n,A\,S
Observe that the definition of Yns7 As makes sense for any nilpotent operator Ny.

For the rest of this section, we fix a Schubert-compatible filling 7" of [A] and work specifically
with Y7. As the Jordan type of Nj[V;] is preserved by conjugation, an argument similar to that
of Lemma shows that all the statements of this section (except for Lemma which refers
specifically to T') hold for arbitrary choices of Ny.

Now that a Schubert compatible 7" is fixed, given an admissible w, let S(w) be the restriction
of IPRD7(w) to [A]. Note that S(w) also depends on T', but we suppress this in the notation for
convenience. See Figure |§| for an example of S(w).

We say two fillings S7 and Ss of [\] are column equivalent if for each i, the set of labels in the
i-th column of 57 is equal to the set of labels in the i-th column of S. Equivalently, S; and S are
column equivalent if and only if sh(S!)) = sh(S) for all 4.

Lemma 6.1. For S € P(n,\), we have
Yns:)vS»T = |_| Cw N Yn,)\,s,T- (64)

w admissible,
S(w) column equivalent to S
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S = 5(16243) =

N

Il

[0/e)
| O >

w

sh(st) =] ], sh(s®)=] ], sh(s®) =H, sh(SW) =, sh(sP)) =

FIGURE 6. Above, an example of S(w) when T is as shown, where n = 5, A = (2, 1),
s =3, and w = 16243. Below, the partitions Sl for 1 < i < 5.

Furthermore, for every admissible w, the cell C, NYy x 57 is contained in Ynéj/\,s,T for some unique

S eP(n,A).

Proof. For w admissible, it can be checked that the filling S obtained by sorting each column of
S(w) is in P(n, ). Hence S(w) is column equivalent to a unique element of P(n, A). Since the cells

Cw MY, » o1 partition Y, \ o 7, it suffices to show the containment C,, NY,, \ s 7 C YS s T
We proceed by induction on n to show that Cyy, NY,, \ s 7 C YS s T 11 the base case n = 0, the
cell Cy MYy a6 = Yns \.s.7 1S a point, where w is the unique injective map between empty sets and

S is the empty filling. Let us assume that n > 0 and the containment holds for n — 1.
Let i < s such that w(1) =T(i,A;), and let Vo € Cy, N Y7. Recall from the proof of Lemma
that we have an isomorphism

® : span{ fr (h,Ap) |h<i} x (C 7199 () NYr6) = CyNYr, (6.5)

with inverse defined by ®~1(V,) = (v, V/), where v is a vector that spans V; and
Vi= @O0} (V) € - COU (V). (6.6)

If i > £()), let S be the unique element of P(n— 1, \) column equivalent to S(flgf) (w)); if < L(N), let
S be the unique element of P(n — 1, A)) column equivalent to S(flgf) (w)). By induction, Ny [V]]
has Jordan type sh(SU).

In order to finish the proof, we establish the following string of identities, where JT(—) stands
for Jordan type,

JT(Nr[Vj]) = IT(Nr[U;, (V))]) (6.7)
= JT(Nyp [V _1]) (6.8)
— Sh(g[jfl}) (6.9)
= sh(SV. (6.10)
Consider the diagram
F, Uiy F o D (Fy)
Fe1V; Fe NU (V) YO (Fp) NV,
Nr[V;] NrlU; (V)] l o 1Via] (6.11)
F, Uy Fy () WO (F)
FeV; Fe U (V)) VO(F) NV,

Observe that U;, is invertible and preserves Fj, while ¥ induces an isomorphism of the given
quotient spaces (which follows by considering the cases i > ¢(\) and i < ¢()) separately). It is
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straightforward to check that both squares of the diagram commute. Since the rows of the diagram
are isomorphisms, the maps in the columns have the same Jordan type; hence (6.7)) and (6.8 hold
Identity . ) then follows by induction, and ( - ) follows by column equlvalence

Lemma 6.2. Ifs > £()\), then Y, is nonempty for any S € P(n,\). If s = £L()\), given S € P(n,\),
let ig be the smallest index such that ig is not an entry in S. Then qu is nonempty if and only if
[is — 1] fill up at least one entire row of [A].

Proof. Tt can be checked that there exists an admissible w that is column equivalent to S if and
only if the conditions in the statement of the lemma hold. Therefore, by Lemma these are
exactly the conditions for when Yjﬁg is nonempty. O

Lemma 6.3. Let S € P(n,\). When YF is nonempty, it is smooth and connected of dimension
n(A) + (n—k)(s—1).

Proof. Let S € P(n,A) be an element satisfying the conditions in the statement of Lemma Let
S be the result of subtracting 1 from each entry of S[". Specifically, if S contains the label 1, and
(i,7) is the cell of [\] containing it, then S € P(n — 1, A®) is the result of deleting the cell (i, ) of
S and then subtracting 1 from each entry. Otherwise, let (i,j) = (s,n — k), and S € P(n —1,\) is
the result of subtracting 1 from each entry of S. It can be checked that S satisfies the conditions

in the statement of Lemma with respect to T, so Y2 (i is nonempty.
We have a surjective map ,

Yi? = P(span{ fr(n,a,) [ b < i}) \ P(span{ fr(na,) [ h < A;'+1})a (6.12)
defined by sending V, to Vi. Let
U = Blspan{ fr(ua, |1 < 1) \ Blspan{frgua, | b < i}). (6.13)

We prove the lemma by induction on n. In the base case n = 0, we have k = 0 and X\ = (.
Therefore, there is a unique Yj*? which is a single point, which agrees with the dimension formula
since n(A)+(n—k)(s—1) = 0 in this case, so the base case holds. In the inductive step, let n > 0 and

assume by induction on n that Y ) 13 smooth and connected with dimension n(A®)+ (n—k)(s—1)
for i < 4(\) and n(A\) + (n — k — 1)(3 —1) for i > ¢()\). By Lemma[6.1]

') = || Cunvr, (6.14)

w(l)=i

so by Remark there is a combined isomorphism
U XY, -7 (1) (6.15)

Thus, by the inductive hypothesis, the open subset 7=!(U) of qu is smooth and connected. Its
dimension is

. . nAD) + (n—k)(s—1) i<l
dim(U) + dim( T(Z)) (i—1)+ {n()\) ik —1)(s—1) P> e\ (6.16)
=n(A)+ (n—k)(s—1). (6.17)

Given some p with A;H + 1 < p <1, we have an open subset

Up = P(span{fr(n,a,) [ h < i}) \ P(span{frpa,) [ h < i, h # p}) (6.18)
of the codomain of w. By applying a change of basis corresponding to a permutation of the rows
of T, we see that U = U, and 7~ 1(U) = 7=}(U,). Thus, 7~1(U,) is smooth and connected of

the same dimension for all p. Since Y:;? is covered by smooth connected open subsets of dimension
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n(A) + (n — k)(s — 1), it follows that Y is smooth of dimension n(\) + (n — k)(s — 1). Since each
Wﬁl(Up) is connected and the intersection of these subspaces is nonempty, Yjs is connected. O

Example 6.4. Let n =4, A\ = (2,1), s = 3, and

T:

|®C7l»-l>
w

Then Y, » s 7 decomposes into the following smooth connected subspaces of dimension n(\) + (n —
k)(s — 1) = 3, where C}, stands for the cell C,, N Y}, 5.7

2]1] 4]2]
V2 = Oy UC s U Cloag U Clagy U Clhane UC! v =0, Ul
7 = Ci234 1235 1236 1324 1325 1326 7 = C3152 31629
2]1] 4]3]
Vit = O UC a U Clasy UC! vii =, uc)
7 = Ci243 1263 1352 1362> 7 = Uss12 36123
4[1] 4]2]
3 e ! 13 _ v !
Y- = Cigaz U Clgaas Y~ = Cgra3 U Cg39,
3]2] 4]3]
Vi = Oy U Clyos U Cl V2 =
7 = (3194 3125 3126+ 7 = Le3ia:

Theorem 6.5 (Theorem [1.2)). The space Y, » s is equidimensional of complex dimension n(\) +

(n — k)(s — 1). In particular, the closed subvarieties Y%, . for which Y,°\ . is nonempty (as
described in Lemma form a complete set of irreducible components. In the case s > £(\), there
are (Z) - #SYT(N) many irreducible components.

Proof. By Lemma the nonempty subspaces Y2 o are smooth and connected of dimension

n,A\,s,
n(A) + (n — k)(s — 1). Therefore, Y%, _ . is irreducible. Since the subspaces Y, _ .. partition the
space Y, x5, their closures form a complete set of irreducible components. When s > £()), the
irreducible components are thus in bijection with P(n, A), which has cardinality (Z) #SYT(N). O

6.2. Generalization of the Springer correspondence. In the case s > ¢()), the irreducible
components are naturally indexed by Standard Young Tableaux on A U (n — k). This indexing
of irreducible components extends to a realization of the top cohomology group of Y, s as a Sy-
module, generalizing Springer’s theorem that the top cohomology group of a Springer fiber is a
Specht module.

Theorem 6.6 (Theorem [1.3). Let d = dim(Y;, xs) = n(X) + (n—k)(s — 1), and consider Sy, as the
subgroup of Sy, permuting the elements of [k]. For s > £(\), we have an isomorphism of Sy-modules
H*(Y;, 5,5 Q) = Ind 13" (7). (6.19)
For s = £(\), we have
H(Y, Q) 2 §Y/ (=R (6.20)
the Specht module of skew shape A/(n — k)*~1L.

Before we give the proof of Theorem we recall a formula for the graded Frobenius charac-
teristic of Ry, » s proved in [15]. Define a partial row-decreasing filling ¢ of [A] to be a filling of
a subset of the cells of [A] with positive integers (allowing repeated labels) such that the labels in
each row are right justified and weakly decrease from left to right and such that all cells of [A] are
filled. Let PRD,, ) s be the set of partial row-decreasing fillings of [A] with a total of n filled cells.
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FIGURE 7. A partial row-decreasing filling ¢ € PRDg391)4 of type a =
(0,2,2,0,2,1,1) with inv(p) = 8.

Recall our convention that (7, j) € [A] is the cell in the i-th row from the top and the j-th column
from the left. For ¢ € PRD, ) and (¢,7) € [A] a filled cell, let (4, j) be the label of ¢ in that
cell. Given a weak composition a, we say that ¢ has content « if for each ¢, the letter ¢ appears
«; many times as a label in .

Definition 6.7. Given ¢ € PRD,, ) 5, an inversion of ¢ is one of the following,
(I1) A pair of cells (4, 7), (¢,7) € [A] such that i <4 and p(i,7) > ©(7, j),
(I2) A pair of cells (4,7), (¢',7 — 1) € [A] such that i < i and ¢(4,5) > p(¥',j — 1),
(I3) A cell (i,n—k+1) € [A] in the first column of [\] together with a filled cell (7', j") € [A]\ [A]
such that ¢/ < i and @(i,n —k+1) > (7, 7),
(I4) A pair (i,c), where i is an integer and ¢ = (¢/, j') is a filled cell of [A]\[\] such that 1 < i < 4'.

Let inv(y) be the number of inversions of .

See Figure m for an example of ¢ € PRDg (221)4- In this case, ¢ has the following 8 inversions:
The pair (2,4), (3,4) of type (I1), the pair (2,5), (1,4) of type (I2), the cell (2,4) in the first column
of [A] with the filled cell (1, 3) of type (I3), the cell (3,4) in the first column of [A] with the filled
cell (1,3) of type (I3), and the pairs (1, (3,2)), (2, (3,2)), (1,(3,3)), and (2, (3,3)) of type (I4).

Remark 6.8. The partial row-decreasing fillings defined here are a simple variation of the extended
column-increasing fillings defined in [15]. There is an obvious bijection between PRD,, y 5 defined
here and ECI,, ) s defined in [I5]: Given ¢ € PRD,, » s, rotate the filling by 90 degrees counterclock-
wise, and delete all unfilled cells. The inversion statistic inv defined here is also a simple variation
of the inv statistic in [I5], which in turn is a variation on the coinversion statistic on ordered set
partitions originally defined by Rhoades, Yu, and Zhao in [34].

We have the following formula for the graded Frobenius characteristic of R, » . We state it in

terms of partial row-decreasing fillings and powers of ¢ (due to our convention that x; has degree
2).

Theorem 6.9 ([I5, Theorem 5.13]). We have

Frob(R%)Hs; q) = Z V(@) (6.21)
@EPRDn,A,s

where X% is the monomial such that the power of x; is the number of times i appears as a label in
©.

Proof of Theorem [6.6, By Theorem we have H*(Y,, )5 Q) = Rg)\s

The case when s > ¢(\) follows immediately by combining this isomorphism with [14, Corollary
3.3.15], which says that the top degree component of RY

n,\,S
Ind 13" (S4).

as graded S,,-modules.
is isomorphic as an S,-module to
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Let us now assume s = £(A). Recall d = dimY,, \ s = n(A\) + (n — k)(s — 1). Combining Theo-
rem and Theorem we have that

Frob(H*(Voas @)= > x*. (6.22)
(pePRDn,)\,sa
inv(p)=d
We show that the right-hand side of (6.22) is the skew Schur function s, J(n— k)g(x)_l(X)
Let o = (a1,...,ay) be a weak composition of n into n parts. The coefficient of x* =[], 7" in

the right-hand side of is the number of ¢ € PRD,, » s with content a such that inv(y) = d.
It follows from [I7] that the total number of (I1) and (I2) inversions of ¢ is n(\) if and only
if the entries of ¢ in [\] decrease down each column (and n(\) is the maximum possible total).
Furthermore, each of the n — k cells of [A] \ [\] can be part of a maximum of s — 1 inversions of
type (I3) and (I4), and if any (I4) inversion occurs, then the entries of ¢ in [A] do not decrease
down each column. Therefore, inv(p) = d if and only if the entries of ¢ in [A] decrease down each
column and each filled cell of [A] \ [A] is in row s = £(\).

Given such a ¢ € PRD,, 5 s with inv(y) = d, we define a labeling T" of the Young diagram of skew
shape A/(n — k)M ~1 by deleting all empty cells of [A] and replacing each label j with n + 1 — j.
Since the labels of ¢ weakly decrease from left to right along each row and strictly decrease down
each column, 7T is semi-standard, and its content is (c,, ap—1,...,a1). Moreover, ¢ can easily be
reconstructed from 7.

This shows that the coefficient of x® in the right-hand side of is equal to the coefficient of
x(@n,0n—1,-01) jp SAJ(n—kyt)-1(x). Since both sy /i, _gyen-1(x) and the right-hand side of
are symmetric, it follows that they are equal. ([l

7. THE A-SPRINGER IND-VARIETY AND THE SCHEME OF DIAGONAL RANK-DEFICIENT MATRICES

In this section, we construct an ind-variety Y, x as the direct limit of the spaces Y;, ) s as s — oo.
We then prove the cohomology ring of Y,  is isomorphic to the coordinate ring of the scheme-
theoretic intersection of an Eisenbud—Saltman rank variety [10] with diagonal matrices, generalizing
a similar characterization of the cohomology ring of the Springer fiber due to De Concini and
Procesi [9].

7.1. The ind-variety Y, \. For any integer 0 < k£ < n and any partition A - k, define Y;, y as
follows. Let C* be the countably-infinite dimensional C-vector space with basis {f1, fo, f3,..-},
and let N be a nilpotent operator on C*> with Jordan type

(n—k+A,...,n—=k+X\py,n—kn—Fk,...). (7.1)

Without loss of generality, we assume that the f;’s are the generalized eigenvectors for N. Fur-
thermore, we assume that, for all s > £(\), N fixes the subspace span{fi,..., fp+(n—k)s} and the
restricted endomorphism N \Span{ Fioo it y has Jordan type

n—=k)s
(n—k+ A, n—k+ Mgy, (n— k)5 V), (7.2)
Note that im(N"~*) has dimension k.
We define the A-Springer ind-variety

Yo ={Ve € Fl(1n)(C*) | NV; C Vi for i <n and im(N"*k) C Vu}. (7.3)
By our assumptions on N, we have closed embeddings
Yoren € Yaren+1 S CYuns CSoor (7.4)
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We consider the direct limit
Yn)\ = U Yn,)\,s = @Yn,k,s' (75)
s>4(N) s

(Note that the topology of Y,, \ as an ind-variety is the same as the subspace topology as a subset
of Fl(1ny(C>) since it is a closed ind-subvariety of Fli»)(C>); see [26, Ch. 4].)

We continue to abuse notation and use 17, to denote the tautological rank ¢ vector bundle on
Y2, which is the subspace of Fl(;»)(C>) x C* whose fiber over V, is V;.

Recall the graded rings 2, \ defined in Section [2} which in general have infinitely many nonzero
graded components. They are defined by

Iy = (ea(S)[S € {xr, .. omn}, d > |S| = Ny =+ = N, jg111), (7.6)
Rn’)\ = Z[l‘l, e 7xn]/fn,)\~

Furthermore, let Rg)\ be the quotient of Q[z1, ..., x,] by the Q-span of I, 5.

Theorem 7.1. We have H*(Y,, ) = Ry, » as graded rings, such that —01(171-/\7;_1) is identified with
Z;.

Proof. By Theorem we have H*(Y), \s) = Ry 5. From the definitions of R, y and R, ) s, it
can be checked that

Rn,)\ = @Rn,)\,s = @H* (Yn,)\,s)a (78)
s s

where the inverse limit is taken in the category of graded rings. Since each Y, ), is a complex
variety with an affine paving, we have

mH* (Yn)‘:s) = H*(hg an)‘vs) = H* (Yn)\), (79)
S S

see for example [31, Lemma 7.2]. By naturality of Chern classes, the first Chern class —e; (Vi /Vi_1)
in H*(Y,, ») corresponds to its associated first Chern class in H*(Y}, 5 ), which is in turn identified
with the variable x;. This completes the proof. O

7.2. The scheme of diagonal rank-deficient matrices. Let gl, be the space of n X n matrices
over Q. Let z;; for 1 < 4,5 < n be the coordinate functions corresponding to the entries of an
n x n matrix. Then the coordinate ring of gl,, is Q[gl,] = Q[x; ;]

For A n, let Oy C gl,, be the conjugacy class of nilpotent n x n matrices over QQ whose Jordan
canonical form has block sizes recorded by X. Let O, be the closure of O, in gl,,. The set of
diagonal matrices t is the variety defined by the ideal

I(t) = (@i |1 # j)- (7.10)

The scheme-theoretic intersection of the varieties O, and tis the affine scheme whose coordinate
ring is defined by the sum of the defining ideals of O, and t,

= Q]
QO =100 + 100

The symmetric group S, of permutation matrices acts by conjugation on both Oy and t, so we
have an action of S, on Q[O) Nt]. Observe that the variables x;; generate this coordinate ring.
Re-indexing the generators z;; of Q[O) Nt] as x;, S, acts by permuting the z; variables. We
consider Q[O) Nt] as a graded ring and graded S,-module where z;; is declared to be in degree 2.

Motivated by work of Kostant [24] on the coinvariant algebra, Kraft [25] conjectured that the
coordinate ring is isomorphic to the cohomology ring of a Springer fiber. De Concini and
Procesi [9] proved Kraft’s conjecture. Tanisaki [42] then simplified the arguments of De Concini
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and Procesi and further proved that these rings have the explicit presentation as the quotient ring
R\ = Ry » 000)-

Theorem 7.2 ([9,42]). There are isomorphisms of graded rings and graded Sy,-modules
H*(BY;Q) = RY = Q[Oy N4, (7.12)

where the S, action on H*(B*;Q) permutes the first Chern classes —c1(Vi/Vi_1) and corresponds
to Springer’s representation tensored with the sign representation.

In [10], Eisenbud and Saltman study varieties generalizing the varieties O,. These varieties are
the main focus of this section.

Definition 7.3. Let £ < n, and let A - k. The Eisenbud—Saltman rank variety is the variety
Onn={X €gl,| dimker X >N +---+ X}, d=1,2,...,n} (7.13)
={X egl, [tk(XY) < (n—k)+ Ny +-+ X, d=1,2,...,n}. (7.14)

The variety O,, ) is the same as X, defined in [I0], where 7 is the rank function given by
r(d) = (n—k)+ N +---+A,. Note that the ideal cutting out Op is not in general generated by
all (r(d) +1)-minors of X% for d = 1,...,n but is instead the radical of that ideal. When n = k, we
have 6,17 sy = Oyx. When n > k, then 5,17 » contains matrices which are not nilpotent. In particular,

the variety O,,  contains all block diagonal matrices of the form

XAO]

R (7.15)

Xo@A, = [

where X € Oy C gl and A,,_j. € gl,,_}, as well as any matrix that is conjugate to a matrix in this
form.

By combining [15, Corollary 6.4] and Theorem we have the following extension of the result
of De Concini and Procesi.

Corollary 7.4. We have a string of isomorphisms of graded rings and graded S,-modules,
H* (Y, Q) = RY, = Q[0 x N4, (7.16)

where the right-hand side is the coordinate ring of the scheme-theoretic intersection, and S, acts
on the cohomology ring by permuting the first Chern classes —c1(V;/Vi—1).

Let

PRD,» = (] PRDpa., (7.17)
s>0(N)

where we identify ¢ € PRD,, ) ; with the partial row-decreasing filling in PRD,, ) ;1 obtained by
appending an empty (s + 1)-th row to ¢. Observe that for each ¢ € PRD,, » s, the statistic inv(y)
does not depend on the parameter s. Hence, we may consider inv to be a statistic on elements of
PRD,, ).

We have the following corollary of [15, Theorem 6.6] and Theorem

Corollary 7.5. For any k <n and A+ k,

Frob(H" (Yy; Q):q) = Frob(R2, ;) = Frob(Q[Ou v Nthig) = 3. ¢™Px?.  (1.18)
@€PRD,, »
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8. FUTURE WORK

We conclude with a number of questions. First, the S,-module structure of the cohomology of a
Springer fiber, H*(B*;Q), has several constructions. The construction of Borho and Macpherson [3]
uses the Grothendieck—Springer resolution and intersection cohomology, and Brundan and Ostrik [5]
give a similar construction for the cohomology of Spaltenstein varieties.

Question 8.1. Can the Sp,-module structure on H*(Y,, 5 s; Q) be directly realized as a specializa-
tion of an S,-action on an intersection cohomology complex coming from a generalization of the
Grothendieck—Springer resolution?

Springer fibers have a natural description that works for an arbitrary semisimple reductive alge-
braic group. Hence we ask the following.

Question 8.2. Can the varieties Y,, y ; be generalized to arbitrary Lie type, or at least to the
classical types?

Our affine paving does not form a cell decomposition, as the closure of a cell is not always a
union of cells. Hence we can ask the following.

Question 8.3. What are the cell closures for the paving of Y, (k7 Is there a nice description of
the poset that describes when one cell is contained in the closure of another? Furthermore, consider
the directed graph whose vertices correspond to cells and there is an edge from vertex C to C’ if
the cell C’ has a point in the closure of C. This directed graph is acyclic since it is a subgraph of
Bruhat order. Is there a nice description of the poset generated by this directed graph?

Note the answer to this question is not known even for Springer fibers in general, but it may be
more tractable in certain special cases.
The following is also known for the Springer fiber in some special cases but not in general.

Question 8.4. The space Y, ) s is singular in general because it is connected and has many ir-
reducible components. Under what conditions are all of the irreducible components smooth? In
particular, are all the irreducible components of Y, 1x) ;, smooth?

One can also ask about other properties of the irreducible components, such as whether they are
normal or Cohen-Macaulay.
We have some additional questions in the case s = 2.

Question 8.5. As noted in Remark the special case Y,, g o appears in the work of Cautis and
Kamnitzer [6] and Russell [35] on connections between Springer fibers and knot homology. Can the
homology of all A-Springer fibers in the s = 2 case Y}, 5 2 also be described using skein-theoretic
relations?

Question 8.6. As noted in Remark 7 induces a birational map from a union of components
of a 2 row Springer fiber to Y, y ;. Is this map an isomorphism?

One way to answer this question would be to figure out enough details of the cells in these
irreducible components of the Springer fiber to determine if the map 7 restricted to these cells is an
isomorphism. One can also generalize this question, as a similar argument shows that 7 induces a
birational map from a union of certain components of a Spaltenstein variety to Y;, s for arbitrary
s.

Finally, we have a more speculative question.

Question 8.7. The variety Y,, ) s is simultaneously the projected image of a Spaltenstein variety
and a closed subvariety of a Steinberg variety,
Biin o 1..a1) = Yors = {Ve € Flan (noiy(s-1)) (C*) | NaV; C Vi for all i}, (8.1)
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Both Steinberg varieties and Spaltenstein varieties appear in Borho and MacPherson’s study of
partial resolutions of the nilpotent cone [3], and Spaltenstein varieties have connections to repre-
sentations of the general linear groups [4], crystals [28] and quiver varieties [30} 29]. Do the varieties
Y, s have any applications in these settings?
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